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M emntoperators Mj square matrices

MIM I

Pimi 41MtMalt

14ms MIE

Fact for any meas op set My __ Mt v Ej MjMj

Mj UjE for some unitary

idea polar decomposition Mj UjP Pizo
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Qarable 0 Ot Cos 2410147
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we know U 107
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measure ancilla in comp basis



we show pm CY MmtMmlY

14ms Tft

FgstateE g Distinguishing

14 197

let 17 14741 Mr I_14 141

if state was 147 we get 17 up 2

if state was 147 we get

P 1 419312 p 1 1419712

Pr 1 11 1

Pr 112
1 1414512

Pr success
PCI 1 Pfalz

1 1424712

Exercise is this optimal



Densitymatrices

To an ensemble Pj 14,73

assign g Pf 1417441

9 0 tr1

Eg upon measuring 14 according to Mm

we obtain 14m wip Pm

pppgyym
9 p Sj is also a density matrix

1 0 tf
1 E 1514 74.1

eign decomp

Xj 1 Xj o
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Las Pm tree Em Poum

f Mm Mmt meas

Observable O tripo

spureifp 1441

trip 1

P is pure iff
rank p 2

DDTpositionisnot unique

eg 1 741 1 71 1 10310 117611

Épi4i4il
j 148 24,1

iff iÑj
VP 14j

IP 59 19,7

are unitarily available



try lap PA trb lab

Ia JIB P
I 153

to Xo Y X tr Y

tr 14 141 4147

try IEPR EPR If

14 2 dj Ivy7A WjB

Xj so Ejtj 1

Schmidt rank r



la dg g evil

PB 7j iwj wj
j

E.si

147AB Ik 2jk1j7a1k

I
man

Consider partial transpose
map

PTB Yp Ao YB PTB II

PTB 14AB R

I has singular value decomp

R Xj Vj wt llvjll llwj.tl 1

14am PTB 2 dj.ly's
a twj
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Schmidt rank is a means of entanglement

Application purification

for any a
14AB s t TrB YAB CA

Pf Pa xj.ly cyl

let 147A I tjlvpaly B

mann.tn
suppose fa try UAB trc PAC

then isometry V B C s.to

IPV 14AB 147C

TYasyyacpuvifytothesa.mePf
p Pflujsey I



then

4 AB JP IVj a 1 453

19 AC rpjivjsolwj.sc

linear map vlujzg lwj.sc
BTC

since 1Uj lwj are orthonormal

V is an isometry on subspace

spanned by 14

extend to the whole domain

trivial action

F

iiiift.ua
where la Trb lab



Lecturel quantum channels

Recall meas op's My this corresponds to

a map E Dr Dn Ele Ejmjemgt
ÉM ᵗMj I
j i

unitary map
corresponds to r 1

Ele Uput UTU I

IIiiiii.it iiites
2 Operator Sam rep

3 System env representation

Tsystemtenuperspective

e trenv U P Cenu Ut

fear 7



Example f
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cejluieospcejlule.is

EjlEJ Ej Cejibler

furthermore

eye ge
ijscejtuled

I

there tr Ece trl.EE PE

tr EjtEj c tree

physicainterpretatonofopratorsumrep

Ell Ej EjlEj Pje

where P trl E Eje p Efest



Operator sum rep system env rep
Stinespring's dilation

We can define an isometry

V Ej a lej

les V 147 Ej 47
ed Ecel treault

TPTPrep
Treserving tr Ele tr e

Linearity Ej9jpj Ej9jE l

Compeypositive E 2 X o iff 30

theorem A map E is CPTP iff

Ell Ej Ej eef Ej Ej Ej I

1 I immediate

1 12 Jie Eaf d Choi map

Ej 123,12
Jamiolkowski



Tmt E is CPTP iff FCE is PSD

pf If E is CPTP then JCE is PSD

by def

Suppose JIE is PSD then

Jie Ek 15 Jj 1

We can show Elll Trp Jcc IoT

É TrB Jj Jj IoT

EPF

where Fj Ia PB Jj
Cait les ski

where 18 s Ie
c testks

F E is CP iff EOI is P



Normalizationcond

EjFjᵗFj tra 7b
dx I I



Lemmy JIE fully specifies
E

Pf for any 14 EFA

147 41
44T Te 14 5

J JE be Vesa ve

6170
the 147 HA

14 44 B
be 147am'Ve1 14 3

be 41BVPAD Velars 14 3

Define Ej 147 J CUT VjJAB

4 Ej 4 Ejt

Totherequivalent way

Trp ICE IaaS'T ECP



Fact If we map Ej to Fj UjkEK

We obtain the same channel if ut J

To see this E D

11 Ej FjlFjt E Ujk Ele l
Eet Uje

Ee UjinUid EalEet

fact.iqITEj Even Egfr
E Fj

EFychanndanbeinverted by another channel

i e Ero E I iff it is unitary

I E1 EjEjeEjt tr Ele tr Exe

ÉYXI Ej EJXE

crucially EEIII unital

E not necessarily trace preserving

If ELI I Σ is unital



The suppose Fj i E Ei kek

be two Krause rep of a cp map E

then isometry V Ek Ek sit

E Ej Vij Fj

FDD hence

FCC Ej II Jj
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Example of a map that is positive but not

Completely positive Partial transpose

I p et

I is positive since 930 etzo

5411714 4 Plp's 0

Partial Transpose
To I A B AtoB

In ljseklolj.sk

I I Eg ljsek.to
ksajl

En
1571k kleji

SWAP 0



Physical implementation of
measurement

Preskill Ch 3
I

Suppose we want to meas

M Eatalascal

147 24alas
i M P

4 1 07
e

Ya e a
P

lay oix o

4 laso X 1a

Obtain Da wip 14g and collapse

14 to lay



Basicquantumchannels

1larizationchanneliEfll.a
P 1 B ex YPY 212

VA ae 147 Fp 1470707 Mg 14 011

Y 4 127

214 137

Eo FP E P X Ez BBY E3 B2

P Ece f ex Yet 212

Exercise

Generalized Block sphere

1 I it

I I Vx by Vy by Vz oz

115112 trip



We can show

Eple 1 B 5 I

i 8 Yet 8 Y 2 5 8 2 5 I

1 P 11 5.81 B 31 5 a

I 1 4 E 8

Epiv ci

YPD.FI

Ffez.c1

il tie s

Eo VP I E rp local E p 1 11

10 A V7 103A lose VP 107A IDE

1 A H FP IDA ODE VP 117A 0127



E T

Vi Cl p Y

Vi t p v2

E.x.toaingTg.statew an unknown angle

f tax Rz10 4 4 Ratio é4 do

1912 ab et

a bed 1612

Amplitudedamping modeling spontaneous decay

107A lose 107A 102

IDA lose
if 11210 P 10711

E
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E
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Universality
in Q Comp

It A gateset G Up UT is universal if u 820

I Vik Ui sit
a_eifullo.es

Fetal a Gmax A Xmax 1A

TEduniversaity.CN
encodeduniversal gateset

if

Qn Qm msn.es am

UeUCQn so ñe G

11 ñ eitu 11 8 for some YEIR

ñ IVHere

Eg 1027 1013 11L 1107

Eg NOT Rx is encoded universal

Elt A 2 level systems are universal

ResultB 2 qubit gates are universal

Eultc any Entangling gate single qubit gates is
universal

RettD Clifford 1 nonClifford gate is universal

Rete other universal gates

H 1157 HT nex His n 1



Pfoff our gateset is
Uit where vis acts as

HE 5012 on block spanned by
lis lj

It span 187,117
IN is

We want to synthesize U E UN

first we show we can get from 107
to any 143

9 lost 9 N t

using N 1 gates

U 1074 a to balls

Uz bell a 1 b 12

Uz be 2 H Az 2 62137

bn 2 N 2 an 2 n 2 An il n t

awiu
next find W sit W103 10

W 117 4,117

then recurse

Wp Wn3Wh 2

total gates
N 1 N 2 2 1

NCN 1



Pfoff Suppose we want to apply Vij

If we have a
y
i 88

rev map in k k i j

we apply v'd via
on V E

Fowdowegetcontrolled Niv operations

First note

If

III ELEFEE

FI

III



Methodfprovinguniversality for
cont gates

Suppose we can apply
e e's

us t

e
then eithun eithitt e octE

eittlyne.it ne ittlyne
2n eᵗ hith oct3

We define the Lie Algebra generated by

A B to be everything you
can produce

Via linear combinations
AtBB βG1R

and Commutators I A B

Gate set generated by Ask A
Ak

L eitmAiken it tik ti time IR

Aip time A

From L we produce the
lie a g l

Thm L is universal iff 10mm e I



1essions
Gate conjugation

Ue
Ht at eiMHu

Baker Campbell
Housdoff

et et e2

Z X Y X Y KEX Y

YEY

Fti BD e
i Heff Δ

Heff A B If A B



Im Any entangling gates
su 7 universal

Pf outline Enough to synthesize
A 2

A 2 éi 11 21 22 2,22

enough to capture 2,2 Hamiltonian term

U is entangling iff
01478 α Bit 1010101

u yavzei
XixatBYYztvzizilw.au

we need to show algebra
generatedby

Q a B α singlequbit Hams

Contains Q 0,011

reservation
I X Q x β 8 10X Q B 8 0124010

I Y Q x β 8 I 2 Q B 8 Q10nBo

I Y Q x β 8 I 2 Q B 8 010,07



Efficient q compiling

T.fi s I anssatent
that is closed

under inverses and so
Ckt Ñ of size

polylog from 6 which s t

U_All SE

Ipcompilationofq.gatesw.p.lyogoverhad

Pf We say R is an e net in UIN if

UEUIN WER 114 like

IIVR E.net in UCN R s net sit

inverseclosed
inverse closed

R
11 each gate of R can be constructed

from 5 unitaries in R

2 E'E C



Using this we prove the main statement

start w E net Rp G Ra requires L 011

gates
Eo

we invoke the recursion to get E E C E

using
Ckts of site Sha

Cek c Ek C2 ek
Ceo

k

5k 3
k
ʰ

321

C E Me
ILK enlkp73TW



For any Uesun

UER s.tl U UllessE

I
11 UI

t Illas.SE

we find W using 4 elements in R
s t

AUT whose e's ce

I
I U uiwlles.se 5 elements

UII e'A
A ale

We can find B
C 0 set

B C IA

R e.net B C st

B B 041

C I OCC



sty eibeice Be I B C

ME
012312

W I B Ocs C OE 0183127

I IA 0

FIftnationwecall
e accuracs

procedure 3 times

tk 3tk

Costm 3
271



Gateteleportation

Weknow Clifford gates are not universal

Moreover they are classically simulable starting from
10

Question Can we perform universal Q
C using

Clifford gates magic resourse
states

Thisisimp ortantb.ci

1 Clifford operations
are easier to implement

eg can be implemented
transversally

on encoded qubits

2 Computation relies on copies of a

fixed magic state



Icolbasedonstatetleporation

Recall
147 IF
EPR 147

Pauli Correction

Now to apply U on 14

1J
EPR D 414

111

1J
EPR FEEL 4147

MAGIC State

EPR
EPRP

44
multigabit U



Esme UPU may still be very complication

If Ue Clifford then Upu Pauli

a

For k 1 let

Ck u cycleCan i Y Can

Example C1 Clifford

t ein e Cz

T XT XS E C

TZ T Z E C

Toffoli e Cz

Tof X Tof X NOT23

Tof 23 Tof 21223



Recall

It IIIat.is
eiIeIFITfwechoofU

T we can perform universal

Comp using

EPRTI Clifford

Tackever end i.e k it

k so Check

Answer No

Rzco
RICO X R2120

Rz120 C iff 20 may
D Mtf

usinginduction Rz mg
Ck

Ck 1

Rx10 Ck for any k if Of myze
for some l



Morecompress edonstruction

t.IE I in

10 11 47
107147 11 X 4

12107 811
107

B 07 417 11

FF
Ths

M y

its
d

147 only
147 747
its off

its bed
7147

TXT S e Clifford



prop 13.4 Gottesman's Book stab subgp

let 19 Ulp U e Ck 147 Estabn w Se Pn

then for all MES 107 is the 1 eigenstate of

Umuto Ve G 1
Furthermore 107 is

all V5

I

it

UM 47

V14 10

b Ck U WECKI
UWI'ECK 1

UMU Ck

G 12C

C 17 1
ITV

Unsu
rank M rak Ms 1



Set U T E C 14 1 7 S I

D IT is stabilized by

T XT X Rt Cliff

Ct X e
also corresponds

to an observable

measuring Ct
corresponds

to the following Povm

T.FI M
I

We measure T and post select
on

I mtionwplementaithoutct.tn
14 END
in D Lf
10

f

i
10 D



Issue this implementation is not Fault tolerant

Idea using CAT state

Kat

even zeros 0

D a
odd zeros

2

at

magicstatedistilation
Input f bad quality magic

state

Allowed operations Perfect Clifford
Pauli meas

output m on a better quality
magic

assuming error on p is below

a threshold



Ideal 15 qubit code allows
transversal

implementation of T gate

Error distance 3

Peggy w 875

where Tg 1 8 T CT 86

Create II using Clifford gates

use gate teleportation
to appy Is transversally

to 1T we get a noisy
encoding of

IT up to cliff correction

If you detect
error toss out the state

get back to 1

maps 8 0183



51T FIT

1T α 17,51 3015

T F a T 01517,51 915

17,5 TH



1istatedistilatinviatwirling

Let 14 be a basis for 71

Va be a set of Cliffordoperations
on H

Ualli Zailli I let Jj Xa i

Viv it

each 14 is uniquely

identified w eigenvalues

let u I

Tartw a mixed state g
Proc

for each
a apply Vara ratforma

1

Tcp I Pg
14,754,1 Pj e4jle14j



Pf 1 is 147 41

Ua 1h I g If
taking 1474,1

Xa i are ma th roots of unity

tai tai I E ki ti

a Tai 2

Hence the effect making f block diag

in the 14 basis

ETSistheLeigenstate of

V XS

so if wip we apply U we get

a mixture of TII



Now suppose we have a code that allows

us to implement Clifford operations
transversally

We want to distill magic States
which are

Clifford eigenstates

One example is the 5 qubit code

we want to distill

IR Cosp lost
e sin β Ii

Cos 2B

This is an eigenstate of

R Xn 2 Yax

for which we have a transversal

implementation

R É



There is a probabilistic
procedure

to

transform IR
into a non cliff

operation
3

Distillationpotocol

Start w 5 inperfect R
states

Twirl R i.e apply I R R w p 1 3

Measure the error syndrome of the
5 qubitcode

if nonzero syndrome throw out

restart
Decode the 5 qubit code keeping only

the decoded qubit

apply YH on the remaining qubit



We can show

Irate 39 Ra

F RE

SRI 1
4 2

SRE
P
p

75 1
24 Emes

M

t PRE 175 2 E TEM

4M It e.g 4
5

1

4 295 1



Leda

1 I x Yaz IR CR 1

5 I 4 2 R CR 1

Fie Rt 1 8

suppose noisy

after Twirling
Sts

I 11 871 11 1



tr 5 5175 A

Aix I
2 15 4

R eidper

R 1751841
5 e

4 PM R 35

e 4m R R P5

eile
5ith3 M R 7ᵗ

I R 9 are eigenvectors of R

w eigenvalue
e 9th

ChooseFo
find I

AM I
05

YH I R R

We finally get O p OCp

suppression



Clifford gp and
the symplectic formalism

T.ge oPn PjeI XiYz3 ceft ti

Any operator
in IPn can be written as

Weap CX 2β a.PE n

β cap E a βj

W HB I

WitgWhy
c 1

w cap's wrap

E Z xp βα symplectic inner product

17,2 ZT J Z J

Splen E Me I MTIM

instow Wea Wip i 4β3W aβ



Clifford U PePn UPUTER

U Wit Ut G z W u
z

WE FEET

U Wa Ut U Wa's ut

Cult Calz's W 0127 W A

cans cure it e 1912 W plz 0121

U Wit Wit Ut i
212 cacttz W 012 2

Meditton linear

Tt.cat cultzi jez E1y19izD
we will see

E eÉM due 2h

UWaput uncut

2,12 o
121 2n a

ZT I Z a atPTI dazz to

21722

PII despernife



EE.fieiffES cnotijs

Symplectic rep
HXH Z

HZH X

H SISITE
s

525 2

XiXz
xz Xz

cnot 2 2

22 2,22

v 71 51

usu IF F E3

Tb 95T CA B
ATC CTA ATD CTB

BTC DTA BID DTB



ATC CTA BTD DTB a

BTC DTA I

FactionrightaltionG

switchitnrowofswitchithc.tt
Hi AIC w BID

AIB w CID

S Adds the ith row Adds the ith Col

of AIB to i'throw of C to i'throw

of CID of BID

CNoting Adds the th row of Adds the jith colof
AIB to j th rowof AIB AIC to i th rowof AIC

Adds the Isth row of Adds the 8thCol of
CID to j th rowof ICP BID to j th rowof IBD

Adds the isth row of Adds the jith colofC t AIB to j th rowof CID BID to i th rowof Ak

Adds the isth row of Adds the 8thCol of

CID to j th rowof AIB BID to j th rowof AK

SWAP j
SWAP 11th vousof ABIGD Swap ith colsof ABGD

w jith rows of ABCD w j th cols of ABCD



procecture for decomposing U Affs
into Clifford

Shotnswer
Gaussian elimination

is full rank
1 in some Col

move this 1 to first row cool H SWAP

use cnot to remove any other 1 s in the first col

use anat to remove any
other 7 s in the first row

continue until you
reach I



GeneralTheoryofError Correctingcodes

XI.si y
error free subspace

Volute

Ez
13 n if010Mi

Let E be our noise channel 1 7,1
7

1 7,107
we define recovery map R

combining errordetection
and

correction

S.t

ifs is supported on Vo then

IR.IT
In general 14 Em Ei GE t



Knilllaflanmea
v.be

projector
onto it let E be a noise map

v Krause operations
E 11 Em

a recovery 22 map exists i ff.gg p

j.ie NoEterno dj.ie

α 4in αjik k j

since at_α then unitary

ns.t.utxud d diag di

let Fk I uikEi

We know E Ej c Ej Egf int
j



Suppose Ej Ek were unitary
Epp

M EjEkM 17 8 k Ek 14

4 Vo 4 E Ey 4 Sjik

M U Mmtm

I 2 eil 121

ell Ez



Hence

NoFit Fello If
utkiujenoETEz.tl

Iki dig ujl Idk

M.FtFeM dr8e rMa

Ek dk 1

Felardecmposition

FRM Uk tFM

Sdk Uk To

let MK UKMalli Fr

q

A MkMp Mtk Me

tj.fi
Sept 1712



Syndrome measurement is projective measurement

given by Mk

Adding a dummy proictor
17 I

R 6 VI Mk 6 Mk Uk

Towsuppose f Eva

we want to show

Ro e f

First note feva

My
Ui Mafer

Uat.fi feMopr

ftp.ieffer.ve

I Mtmj ta.no fmore
s 81k If Sev

Rk Se k



Elel Eelfe
Therefore

Riele In Line
feeffn.eu

I MjMjt

die fake P

R s t f Vo Ro p P

Hence T Ro E Mod Mo Moon

linearity R E 17.6M CM 6M

Let R Rj c Rj

Rj Ek Moon
Rat a moon



let Ey correspond to RIE

Ez correspond to re To

E1 Ez therefore
jkRjEk

RM

RKE no Ckin

Macki M E Rpt

MaEjRIRkEe
M Cfr Cre M

MoEjEeM aint no

a

Tuppose R can correct set of errors Ej

then R can correct a set F

Fj Σ Me Ee



Pt
M EiEjM ijn
v log

α is diagonal

R has elements UktMk

then UP Eva

Vkt17kEiF Skivsk
VP

FE mjiEi

UIMKFj.ve I mjiskirakkre

mjkrkk.IR

R Flell Uk MKEjefg.tt
kUK

E jlmjkl2diake xp



T.IT f ianaueca sotoa

proper error basis
where α I

If Ei are linearly dep α is necessarily

singular rank a El

If we choose a minimal set E'i

Consisting only of lin indep terms α

may still
be singular

de degenerate

Inthiscasewecallthecoo
For a degenerate code two different errors

may lead to the same syndrome

Example Shor's 9 qubit lode

2112212 3
lead to the same Synd



Distanceofac.de

We consider set of errors to be f qubit operators

Pauli spettrum of
wt ft

Def The distance for a code C is the minimum d

st F W F d

417107 CCF 410

Thy Distance d codes corrects errors_of
wt df

It If
wt Ea Lᵈ a

then wt EatEb d 1

4 EatEb Cab 24107

E1 itiiiuxtserrors
then d 2 1



proprtieofaQECC

A code C 64 is In kid if

it encodes k logical
qubits w distance

d.be

tingf eisdetectableitMoEMo
E No

So if 14 Eva gets mapped
to EMS

then 17 E147 α E 147

in particular 147 10 EV

E 4 α E 014

if E a Ely 1 V detectable

if E to E E Iv acts trivially



Reviewofstabilitaformalism

Im 151 2
dim Vs 2

r

11 fi iEstabienersrs
act as I on the code space

NCS Ne Pn QES NANES

Since NER N Q o or N Q3 0

NCS NePn QES Q N o

the same as centralizer

Testis

FaoerationscorrespondtoNCSJIS.ie
nontrival maps that map

states within

the code space to each other



A E NCS S 2 gun gr

I
Aigit o i

TAEIA N S

A is detectable

thm.tn esetofundetectable
errors

Correspond to NCS S

Furthermore d min wt P
PENCILS

FsetofundetectablePauli errors is

Q Q M o M E S

This includes both S and things other
than S

N S S
undetectable nontrivial error

Tuppose E E NCSIS then

McEMo EMO To



More carefully

Enis E S d eve sit

147 E 107 107

ICE
Elp

since EE NCS 4 eV
MES M Eld E M1

Toseasawayoff 4 Eld 1 Ip
4107

contradiction was
however

E

detectable yield 147 197

if E was detectable
then

1241071 1 Eld e 10

Detectability
XD Vo HEH eia old

E items Ens e its it Evo

eit e
it

S Contradiction

20

ttmInemeIcodes corrects
Corrolary

E P iff

ETF NCS IS
E F E E



Degeneracy Cab so if EtEb N S

Cab 1 if Eta Eb E S

since the set of Pauli operators are lin indep

Cod is degenerate
iff C is not wax rank

EatEbES then for any R

EFF E S
EB F ES row a row b

degenerate

EatEb 5 Eatf E'jF cannot simultaneously
es

Hence rows a and b cannot simultaneously
have

ones in the same location

Icis degenerate iff

EnEzEE s t ETELES

Def A stabilizer code
w distance d is degenerate

if MESTI wt M d

Degeneracy only involves operators of weight
d MNI already

implies degeneracy

Eg 9 qubit code
has d 3 and generators wt

3

e.g 2,22



FF.fr onsthatprsvevo

since Vo Us so set of operations

preserving Vo
is NCS

P preserves
to Pe NCS

S I

NCS S
is the set of inequit

logical operation
1

Thashk independent generators

air isi.in cries net

dim NCS s
Mtk n k 2k

NESTS Pr



Erone
Let S Mis Mr Let 14 be a joint

eigenvector of M Mr
The error syndrome for

4 is an r bit string xp
e211 sit

Mj 4 147
xylj my.lt 14

Tsupposeld Eve is a code word
we define

8 Pn 22 s t G
E C Mj E

A B

where CCAIB
A B

A.BE Pm

tEppEcpiiQ clP2iQ

b CCPQ QP

C1 6 EF O E 6 F

TsitionEFP s a stabilizer.gp
Then

E and F are in the same
cosetof NCS

iff E and F
have the same error

syndrome



It If E and F are within the same
coset

then F EN where N ENCS

let MES then CCF m CCE M CFM

therefore E and F correspond tothe same syndrome

Suppose E F
have the same

syndrome

let N Etf if a E F then CCN M O

MES

Nsm
CCEM FIM

N e NCS

0

FHilbertspacecanbedividedintoorthpiec.es corresponding

to different syndromes

TewholPncanbepartitionedintodifferent
Cosets of NCS

ÉN 2ntk

It 2 NISI 4 4 INCS 1 4 22h
r

9 2ntk



Prof suppose Ni N E NCS Then Ni Na are in the same

coset of Siff N 14 N 147 4 Eva

Pt N 14 Nam 147 e Va

I
M147 147

147evo

M NINZ

Me S
N N M for some

MLES.NET

47EVo VI47EVo

Hence N is a logical operation

N and N M are the same logical op
MES

Hence NCSg
corresponds to the set of distinct

logicalop

IIIIIFas

a www.setistinet

error syndromes If Sis deg 6 E 6 F iff

ÉtFe5
A A phase

tossed out



Pf Two errors EFF e E have the same syndrome

iff ETF NCS Since they are
correctable

ÉÉ NISI's so

Etfe NIS iff Ettes

so EE GIF iff ÉtFe's
degenerate

FI.ie

tnIiIf



Blothesymplecticformalisms

Was 29 Z CX 2 IF

ie I II
Mult P Q

Addition Epiza

Zp ZQ
C P Q

no equivalent
phase

stabiliters ffÉF aj
NCS

basis for S

generators for s

Egfiveaubitcode
1 00 0 0 11 0 0

0 0 1 1 0
1 0 1

o o l l
1 0 1 0 0

0 0 0 1

l l l l l



Def Let V IF be a lin subspace

vt we F 2,03 0 2EV

V is self dual if
Ut

V is weakly self dual if
Ve v7

ftp.e.pmbeindepn qubit Pandi's

Lalglemam
SEIFM.IQ

EPn s t

j c Pj a Sj

There are 22
m such pantis

Pf
Inverttolinsystemof Equations

Vpi Va si m egs in an dim

the aim of space of
Sol 2 n m

Trollary Let S be a stab
u gen Min Mr

then for any err syndrome
s P E Pn sit

Gp S



6

551 P

Pf For Pauli gp P we have

Clxi Xj
C 21253 0

c Xi Zj Si j

If we can find xj̅ Zk w
commutation

relations

isomorphic to NISTS

NCS
St

NCS ig
stis

dim St 2n t n k

dim Stis
n rtk 2k IPiel

V1Ev w o wes

stis v45 Ev u e Kwes

Stis IF
2k

Goal find xj zj estis

sit xjixj Fiz o

xjizk Sjin



It is enough to find generators

we proceed inductively

suppose we have successfully established x ̅ Z

up to a certain point and we want to add one mo

aring Corr we can always find such
element

we need to verify it can be indep

since they
have distinct Commutation

relationship

every new element must be indep of others

Im.ES
If Mes then MIY 14 for all 147 e VCS

so Se S VLSI

Next we show if Nys then N S VIS

If N NCSI then N 4 for any 14
E V has a

diff eigenvalue for
some MES N 47 V

NM S VIS



Liderrocorrection

Def A classical ECC e E is a map

e K N correctable errors E

E IN M

sit a map d M ER St

EE xE K

d Elek x

d decoder

E error

e encoder

I ÉtIE x y
C E x y



A classical code
w dist d

correct up to Ld 1221 coordinates

detect up to d 1 coordinates

WITI
Def An ECC C 22h is a lin code if

ly e c xtyeC

Xii i Xk
IC

Def Generator matrix G

Rop
Ce 22 lin code w k encoded bits

and gene G e v ez Gtv 2

is the encoder

XE C Gtv Ive 22k



Def let C be a 1in code w Gen C

parity check matrix H fff Gg a

Yi max lin indep set w this property

FIChask encoded bits and
a physical bits

G ezzkm
He 224

10th g t

G HT H GT a

Pf The only
notrivial part is n k rows for H

the dimension of the
Sol space of Gtt

is n k

klinindepea.FI

fe.xnxtewtle
H xee Hx He

fitycheckmanic I He

He



Ref Error syndrome for C is He

The
Let C be a lin code w H parity check

correcting 2

Define a stab w symplectic Vap 0 1H

Then S corrects W ein le EE

rows of 6 are logical pantis in

NCSYS.FI

mingntces
eec e to3

Pfd minGute1xtyeC
X e y

e xty

e iff
Thm C corrects

eef 4C etf e E

He Hf etf.EEEquivalently

ahe.fi quehIarome



Pf If error syndromes are unique

then we can invert He to find e

xylte x

Ietf E C then Hlet f a

HeY Hlf

Conversely if e f c then Heleef 0

e

ÉF ÉÉÉ
i

Kev Mo

EIffnfflf.fiIfffNI

trivial diff e f o EtF E S

degeneraly
degeneralyanyadymes



Example.LI
s

an Rep code is

linear

C on 111 41117

6 1 1 17 H p

d rep code d 1 d

Ipration
every cod of H is distinct

1 7 1 1

1 1 0 a

o 1 0

É 2 1 B
Hammingcole

H 1



TheCSIcode
Calder bank

Shor Steane

Recall linear codes are special cases of

Stabilizer codes

Bitflips 01H

to correct ela eeE

then

xeciffixSEV.phseffEHe
to correct ole eeE

then x E C iff H 1 7 evo

In CSS codes we combine both



Def C is a CSS code if there exists

a choice of generators for Stabilizer's

of the form

py
2 ginerators

jinerators

7aubit code

2 2 22 I I I

Z Z I I Z Z I

Z I Z I Z I Z

X X X X I I I

X I I X X I

IIIII
2 222 2222

correct bit flip

5
Hamingoa

correct phase flip 7 1 31
4 4 7 1



theorem
C nski di H

C2 nokada Hz

suppose
C t Cz

Then S

is an Ensk d q
code w

k keekz n

and d min disda

Note cite Ca cat C

is impossible b c
ns kitke

dim Gt n k

dim C2
dimcat key n k

Inskitters



Pt We first check
generators commute

w 2 generators Any generator

is of the form 10 XE Cat

crow of the parity check
matrix

H G o

Any 2 generator
has the form

017
Z E C

t

W x 0 WColz Xyz 0

XeGt Ze Cat

if z e at z e Cet C2

then Cit C C2

Next we derive the parameters

H has n k rows He has n ke rows

so S has 2n ki ka rows

50 Jim Us n 2n ki ko kitka n



code can detect up to d 1 bit flup errors

and de 1 phase flip errors

so distance cannot be smaller than min diidz

Éifescode
1 projects onto

the subspace spanned by C1

N2 ke Ic Wmo

Tconstruclade words we take E C1

and apply

1721 7 Ink at
12

1 22 7



when is

14 Ct 14 cats

only if un u Cet

Each code word
corresponds to

a coset of cat inside Cz

C has 2
k elements

Gt has 2
k

elements.cic2thas2kltku
h elements

4Ict I cyatt
met

l

tansbrm.frcn
parity check measurement

Ffor bit flip

do the same
in the H basis

for phase flip



Faulttolerance

Basicidea perform computation on encoded states

so that we don't need decoding

107 Etp
10

Norse affects everything state prep quantum gates

measurement even identity
wires

each qubit will
be replaced

w an encoded block

each operation
will be replaced v FT procedure

ii Iii.EEiIeEEiEIEti is
Two issues

EI tdgtsc.tn
sEteause errors to propagate

It
We should design

encoded gates to
transmit fault

to only a small subset of qubits



Error correction itself can introduce errors

T.tlprocedur
Failure of one component within a block results

in

at most one output failure of that block

Component noisy gate
measurement wine state prep etc

If probability of failure of a component is P

then meas result shoul
have failare prob o p2
in out put meas

smeparation

Emodel i i d I x Y 2 on each wire

gate U may be approximated
w a

channel in st 11 U Villas E

in how U

gets propagated



FTimplementationofCNI.se

f
syndromes

T.im
iEIt

1 2 3 4

For

ff eexisting error from prev Block

on each encoded block of qubits

May cause
two errors

on the first block once

passed through
NOT

AT

b

However each
block has prob

OCP so

this event occurs wip Ocp2

Single preexisting error on top or bottom err

single error in the encoded implementation
of NOT

wip GCP



Two errs during not alpy

One failure occurs during NOT

one during syndrome
meas

The only possibility is if syndrome meas

gives one err wip OCP

Two or more errors during syndrome meas

Ocp

1 err syndrome meas

1 err recovery

Two or more error during recovery

v largeonstant.nu
104

Steane code



actenatedTconstruction

recursively apply the
construction

above

Co C 12

original

Ckt

Each qubit in the original Ckt is encoded

in a quantum code
whose qubit is encoded

in a

quantum code
and so on

EE.EE
a

failure prob at the physical layer

op depth c cp7

CCP
2

Failure prob

size of the Ckt
dk



suppose we want to solve a problem requiring

Pln size Ckt We want final accuracy E

we want each gate to suffer Epen
errors

Expan
provided PCPth

a
ocpolyi.ge

Hence simulating ckt
contains

polyl.ge pin
gates

Fltfolerant
gatr7aubitcodf.IE

1 2 34 5 X6X7

2 2,222324252629

H H Hr Hs H Y 454GHz

Transversal implementation

1 error 1 error

inblock in block



TransversalimplementationoffNI

T.tt

lFaulttolerantimplemntationofT.ltsiIII.IE

ff
T14

in

we discussed ideas about preparing IT

eg Fault tolerant meas of sx
1 good

I apply 2



Eulttlantmeasurement

107 II TELIA
a

10
IIFÉ

a

Idea

on
t.pe

E
1000 11117

III



The quantum Fouvier transforms and

the Hidden subgp problem

for a gp 6 rep f G CLV

figh g f h
9th e G

I
le I

Character Xp G C is given by

Xelg Tr Ecg Gg hgt he

Xp hgt
1

Xpg Conjugacy class

Tis irreducible if V is irreducible

for two irreps if

Xilgi Fig SijTo get



In general

ICE number of conjugacy classes

of 6

forabeliangp II.ro 161

QFT

FG lys
I IF ecglijle.io
PEIrr G

for the abelian
case fig Xp g

dp 1

Generalorthogonlityree

Eg ligigs
regime

Simsie if 1 0

if 1 6

Ff FG



Let G be an Abelian gp

Fo Eye

Xylxllyscxt.GE
set of characters of G

Xylx y th character
eval at E G

since G E G we can label elements of G

w that of 6

Foff F E eXyixyyixslyscy.ly
Y'EG

I

Ez G Zi Xy x 1 1
9

Fei Eye
e incyl Hon



E g In

Fan Eye
wht 19741

W e N

finiteabeliangp
G can be

written as a direct product of Cyclic gps

6 In x x Eur E G

T.FI

i nea

for E G the discret log denoted v

loggix ming r g
x

l.gg 1 o

G 27 log3127 2



There is an efficient quantum alg

for discrete log

tiii.it
a

We are given black box access to f G S

where S is a finite set

Let H G be a subgroup of G

fix fly iff x'̅y EH

y ah heh

We say f hides H

Note fix fell iff eh

ge G get figi fix iff e2H
left coset of
H in G

so f is constant and distinct

on different cosets of H



We could define the problem for right cosets

and obtain a computationally equivalent problem

Simon's problem was a special case

6 21 H LS SEZI

Period finding

G ZÑ H s SEEN

Classical complexity

cosets of H 1

Birthday paradox VI queries

necessary and sufficient



II.atintdiscreteeog

we want logy x
x E G x g

min r g x

N 161 is known

Tasttheproblemasanabelian HSP over

additive gp Zn 2N

Define f Znx2n G

f x β gB

go19g
x β

f is constant on the line

HB EZÑ al.gg β 7



It hides the line

H to

010 1 loggy 2 21gg
N 1 N 1 log

the set of cosets of H in ZnxZN take

the form 8 8 H 8,8 Zn

018 H 1 8 log x αeZn LS
g

forms a complete set of Cosets

JI.glitproeedsasfollows
12nxZn7 ntIpezntYB7

then prepare

Epez
β fear

Discard the f register



If the measurement outcome in is g8

we are left w a superposition over coset 10,8 H

110,8 H Ls to Eznia
8 doggy

Apply QFT
on the remaining reg

Em
whatus logged my

E
W wacm rl.gg guy

F β Spec

we will obtain

Enw Ears
if has a multiplicative inverse mod N then

leggx
v p w.p.FI Eglin



GenerallgorithmforAbelianHSP

HE G

fix fly iff X Y E H

Algorithm
we begin by preparing

167 To Eg 17

then create

6T
fix

Discard the f register
and obtain

H x h heh

1 47 t 17th

corresponding to 9 of Eeg
4 ath



Apply Fo

1nA FG In H

a
717th y

Eg7177Xylh
y

where Xych It ytʰ

Te y 1g it ly x

Vix SH SH Uix

F6lnFot is diagonal

If Xy h 1 then Xy H

heh Aych 1 since

72141 Eu X2
h E Yy h'tH

Xy h X 1H XyttT



Also note

I E Yy
t Xy.TT Say

set y a Ny H
o if y

nontrivial

therefore
IFH YET I xylmly

Y XyH 1

TmeasureiHinthecompbasilwemeasureye
s.t

Xy h
1 for all hell

ye Ht yet Xy 4 1 then

Ht all char trivial
on H



Importantly Ht H

H ye
6 Xy

41 1 Khett

T.is

X E G 1711
2k

Xy 7 exp HiZÉ

Ft Xy 41 1 then

E Eff ez then

0 mod 1



Now suppose we have obtained y y'm

each satisfying y's h o

then H he 6 Y81,47 o j

obtaining log H1 random samples

from H is sufficient

GeneralF
Effinger Hayer Knill

9,1
polylog 161 contains sufficient

information about H



IabelianHSPadapplications

Non abelian HSP encodes sod to well known comp problems

e.g Irutomorphism
or Laphisomorphism problems

EE I.it in

outputes if it has a nontrivial
automorphism

ie ns.t m t

It Aut F Ties I t r Sn

it Ant F e we say T is rigid

Let f Sn Mat fit TCP

f hides Aut T fin fair iff.ME zAut F

Graph automorphism HSP Sn



GIsomorphism

Input P T

f Esn TCT f PEP

Sn552 SI SI SWAP Sin

In I N I Swap of I w In

t.sn Yeti in

61T b Sn552 6 perm

I perm p

b t snap
b o don'tswap f f

flat b
antiter's be

LTI ECR bel

f hides automorphisms of WT

this automorphism
contains b 1 iff Pep

Suppose
r r are rigid

r T Ant r r's e

Fer
p p

Ant Put e kit 1



Connection w Lattice problems

EP given generators of an integer lattice

goal is to find a point within geal factor of

the shortest vector

gent expert EP

9in OCD NP hard

geni polyin
hard

v QA for HSP over Dihedral group

implies Q.A for 9cal poly

Prepare
163 it TIgeg 197

Quant 19 fig

18H E 19h7 rgedo
Discard

or PH Ego 12H
9H 1



Ecompetity

Eertogerkill

Polykg161 has enough information
to specify H

crethpobleminthequerysetting

Fidelity Flee

trlrerpil.PTjistT is sedated from em in happy forest

then POUM Pretty good measurement that identifies

f w.p at least 1 NVm FIg

1 N Vmgj.FM
k15T

1 NF FEs

it g
one



We first argue the number of subgroups of

G is at most N2Oleftleftg2rightCright

every subgp
HleqG can be generated by

at most log2leftHrightleqlogleftGright
elements

Hence there are leqleftbeginmatrixleftGrightlogleftCrightendmatrixright
subgroups.Now

consider Fidelity between

FleftrhoHrhoHrightleqnicefrac1sqrt2HneqH

To see this

gHranglefrac1sqrtleftHrightsum_hinHghrangle

leftlanglegHgHrightranglefrac1sqrtleftHleftcdotrightHrightsum_hinHleftlangleghghrightrangle
fracleftgHwedgegHrightsqrtleftHleftcdotrightHright

if gHneqgHRightarrowleftgHwedgegHrightleqfrac12leftHrightcdotleftHrightcdot



The Quantum adiabatic

theoremIdea
Starting from a non degenerate g s of a

time dependent Hamiltonian
that is

growing slow enough the state remains
in

the ground

state.Schrodinger's
equation

time independent

ifrac1dtpsilefttrightrangleHpsilefttrightrangleRightarrowpsilefttrightrangleei
I Hpsileftcircrightrangle

HIE E E phase
e
Et

Now if HH grows slowly enough
starting

with an eigenstate the system remains
in that state

Time dep eq ifracddtpsilefttrightrangleHlefttrightpsilefttrightrangle



Example Hlefttrightcosleftfracpit2TrightsigmaxsinleftfracpitTrightsigmaz

psileft0rightranglerangleHleft0right6x
leftpsileft1rightranglerightphirangleHleft1rightgammaz

z
nwarrow t

x

sinleft01right
snicefractT

ifrac1dspsileftsrightrangleTHleftsrightpsileftsrightranglelim_Trightarrowinftyleftpsileft1rightrightrangleargminleftlanglepsileftHleft1rightrightpsirightrangle

adiabatic

thmenough

if Tgeqnicefrac1gapleftHright2



Theorem Suppose Hleftsright has a non deg g s for Sleqoil

Phileftsrightrangle

TgeqOmegaleftfrac1varepsilonrightcdotfracleftHleft0rightrightDeltaleft0right2fracleftHleft1rightrightDeltaleft1right2
int_01dsleftfracleftHright2Delta3fraclefthatHrightDelta2rightandif

psileftarightranglephileft0rightrangle then psileft1rightranglephileft1rightrangleleqvarepsilon

phileft1rightrangleg5circfHleft1right

An adiabatic optimization problem

hi 0113
n

IR.NPcomplete724 121 1

arg min hitt

Beginning Hamiltonian HB

Question

NPhard.Question

Problem Hamiltonian

Hrhosum_zinleft01rightnhleftzrightleftzrightrangleleftlanglezright
95leftHPright1 a rgminlefthright



Adiabatic path

HTlefttrightHlefttTrightleft1flefttTrightrightH BT rholefttTrightHp

fleft0right0fleft1right1
twice diff

Hleft0rightHB 7 Hleft1rightHP

HBsum_j1nsigmaXleftjright
Sranglefrac1sqrt2nsum_zinleft01rightnzrangle

Alg prep g 5 of HB

evolve HIS

meas in comp

basis.Runningtime fleft5right5

HHPHB
hatH0

Dismin min
sinleft01right



TgeqOmegaleftnicefrac1varepsilonrightcdotfrac1HPDelta beginmatrix12endmatrix HBfracleftHPFrightD3
l 12

Rightarrowpsileft1rightranglephileft1rightrangleleqvarepsilon

to show efficiency D min geq1

poly.Unstructuredsearch is equiv to minimizing

z
markedoth

hbegincases01endcases
RightarrowHpkleftmrightrangleleftmright

choose HB1leftSrightrangleleftSright

Hleftsright1leftleft1fleftsrightrightleftsrangleleftlanglesleftfleftcrightleftmrightranglerightrightrightright
fleft01rightrightarrowleft01right

only arts non trivially on

Hleftsright

Span 1m 1157

a 551m nicefrac1sqrtN



Hleftbeginmatrixleft1frightleft1a2rightleft1frightasqrt1a2left1frightasqrt1a21left1frightleft1a2rightendmatrixright
nicefrac12left1frightasqrt1a28xleftleft1frightleft1a2rightnicefrac12rightsigmaz
E0nicefrac12left1sqrt14fleft1frightleft1a2rightright
E1nicefrac12left1sqrt14fleft1frightleft1a2rightright

Deltasqrt14fleft1frightleft1a2right
minimum at ffrac12Deltaminanicefrac1sqrtN

But for fleftsrights this gives TsimOleftN32right

full adiabatic
them

intfracdfDelta3int_01fracdfleftL4fleft1frightleft1a2rightright32
nicefrac1a2N



We can However do better by choosing a

differentfunctionfor

f.Intuition
gap is smallest

around fleftsrightnicefrac12

so evolve more slowly around

thatvalue
Gap

is around nicefrac1sqrtN for

leftfnicefrac12rightnicefrac1sqrtN
runtime OleftsqrtNright
is conceivable

Idea Choose falphaDeltaPleftpnicefrac32right

int_01dsint_01nicefracdffRightarrowalphaapproxNnicefrac14
1HleftsrightfleftcrightleftHpHBright
leftfleftkrightrightsqrt1a2

proptosqrt1a2Delta32
1 RightarrowfraclefthatHleft0rightrightDeltaleft0right2fraclefthatHlefttrightrightDeltaleft1right2alphasqrt1a2OleftN1Tright0



int_01fracleftHright2Delta3dsleft1a2rightint_1fracf2Delta3fracdffalphaleft1a2rightint_01fracdfD32alpha2left1asimrightOleftsqrtNright

leftHrightleftfleftsrightrightsqrt1a2nicefrac32proptosqrt1a2Deltanicefrac12hatfleftfracdDeltadfrightfracdDeltadffrac2left2f1rightleft1a2rightDelta

Rightarrowint_01fracleftoverlineHrightDelta2dsfrac6alphaleft1a2right32sqrtaleft1sqrtarightleft1aright
GleftsqrtNright



Universal Q Comp w adiabatic comp

AQC BQP via Hamiltonian simulation

AQC BQP yes even using

linearinterpolation.Feynman
Q

c.Anyclassical rev logic can be implemented

using a Hamiltonian system We can actually

do more we can simulate BQP

Idea

embed the output of a unitary circuit

ukuk1ldotsu1 into eval by Hamiltonian

HFsum_j1kHjHjUjleftjranglelanglej1rightUjleftj1ranglelanglejright



If we start from psirangle 0107 then

the evolved state span leftpsijrangleright

where psijrangleUjldotsU1psirangleotimesjrangle

leftlanglepsijHFpsijpm1rightrangle1

psij1ranglepsijranglepsij1rangle

We can show

leftleftlanglepsikeiHFnicefrack2psiorightrangleright2Omegaleftknicefrac23right
Repeat Oleftk23right times

Another idea

we can make success prob 1in one

shot.HFG

sum_j1ksqrtjleftk1jrightHj



It happens that eiHFGtpsiopsikrangle
tpi

Idea psijrangle state of total angular
momentum

frack2leftnicefrack21right zjk2

Then HFG is the x direction of angular

momentum

nicefrack2

x
nicefrack2



qubit encoding of the clock

jranglefrac10ldots0j1frac0ldots0ranglekjleftjranglelanglej1rightrightarrowleftleft0rightrangleleft0rightrightleftj1jright

Conclusion even single time indep Hamiltonian

is enough to encode

Bap.An

adiabatic variant

Idea Design time dep Hamiltonian s t

q5leftHleft0rightright initial state

g15leftHleft1rightright History state

0rangle 11 1k
Clock

HBI6left0ranglelangle0right
Hpenalty

Hpenaltysum_j1nleftleft1rangleleftrightrightright
j



9.5 is 10010

HCHFH penalty

gsleftHFrightS4 pan leftfrac1sqrtk1sum_j0kpsijrangleright
Hpenalty penalizes states whose

to 0

etarangleY

initial state

So no
is the unique g

s of Hc

upon measurin clock reg in 17 e

we obtain 14k w p frac1k1

Hleftsrightleft19rightHB5H

we choose HTlefttrightHleftnicefractTright

remains to estimate DCS

Enough to work with

V0Spanleftpsijrangleright for psi0n



k1

Hleftsrightcongleftbeginmatrixs1sssldotsddotsss0endmatrixright

Ssubsetleft01rightDeltaleftsrightgeqOmegaleft1k2rightLemma

s
5

7 s

9leftlanglepsijEprightranglesinleftPleftkj1rightrightClaim

Ep25cosp

leftlanglepsijHleftsrightpsiprightrangleEpleftlanglepsijEprightrangle
RightarrowssinleftkPrightlefts1rightsinleftleftk1rightPright

Epsinleftleftk1rightPright

RightarrowSsinleftleftk2rightPrightleft15rightsinleftleftk1rightPright
Chebychev poly fracUk1leftcvsprightUkleftcosprightfrac1s5



Ukleftcosthetarightfracsinleftleftk1rightthetarightsintheta
Ukleftxright

are cosleftfracjpik1right
Roots of

fracUk1cospUkll0 s

beginmatrix3Pendmatrix

losp

gapgeq25leftcosfracpik2cosfracpik1rightgeqOmegaleftnicefrac1k3right



Define

The quantum K local Hamiltonian

problemQ
MAThe

K local Hamiltonian problemisResult
QMA complete

K LH E QMA

use phase estimation

QMA subseteqKLH

History state for a AMA protocol

etaranglefrac1sqrtT1sum_t0Tpsilefttrightrangleotimestrangle
psileft0rightranglexrangleotimes0ranglecappsixrangle

witthen

HHinHo at H prop H clock



Hi sum_jleftleft1ranglelangle1rightrightleftjrightcapI
wit then Bleftleft0rangleleft0rightrightleftlockrightright

Hout left10rightleft01right1
output I

wittness aleftleftTrangleTrightrightleftClockright

If output qubit close to O1

the 2 energy pertalty

If output qubit close to 1 it is

H propsum_t1THpv plefttright

Hprop lefttrightnicefrac12leftIlefttrightrangleleftlangletleftIotimesrightt1rightranglet1right
Vtotimeslefttrightrangleleftlanglet1leftUtotimesleftt1rightrangleleftlangletrightrightright

H prop 17
o if ly is valid

Historystate.If
14 is acc wip I E the

Eo 41 Elon



Difficult part If psirangle is rejected

then E0geqE high
geqE low 1poly

Make H prop local
it is log n local now

Let Vsum_tTVtotimeslefttranglelangletright

VI prop Vsum_t0Tfrac12leftlefttrightrangleleftlangletrightleftt1rightranglet1right
lefttrightleftlanglet1leftt1rightranglelefttrightrightleftbeginmatrixnicefrac12nicefrac12nicefrac121nicefrac12nicefrac121nicefrac12endmatrixright

Inicefrac12MMleftbeginmatrix11101101ddots1endmatrixright



wranglesum_t0TeiomegattrangleRightarrowMlefteiomega2omegarangleeiomega2omegarangleright2cosomegalefteinicefracomega2omegarangleeiomega2omegarangleright

Boundary condition
at tT

omegakleftT1rightpik
k integer

E00E12sin2leftfracpi2leftT1rightrightfracpi2nleftT1right2
Next we consider the spectrum of

H Hin t Hout Hprop

Hin t Hoat valid input
acc output

space orth

Hin 1Heat
1

gap1



H1H2 Herm

min leftH1right 1min leftH2right0

gap geqDelta

RightarrowH1geqDeltaleftIM1right
H1geqDeltaleftIM2right

Tool
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we show in the no case
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