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Exercise 1. Let £ = {0.1}. Foreach of thv following languages. construct a deterministic

finite automaton that a((op‘rs the language
a. {w € ¥ | each 0 in w is immediately preceded and immediately followed by a 1}
b. {w € &7 [ w has 0101 as a substring}

c. {w € Z* | the 10th symbol from the right end of w is a 1}. (Hint: this one may be hard
to draw out explicitly as a graph-—try and describe pieces of the graph. If the DFA

describes a program, what is its underlying structure?)

Exercise 2. Let ¥ = {0,1}. Construct a deterministic finite automaton accepting all
strings which, when interpreted as binary numbers, are divisible by 5. How many states are
in your DFA, and can you identify what they are encoding? (Hint: ;llmk about the process
of long division.)

Exercise 3. Let L C 3% be an arbitrary language. We define

L = (o =upmpy ooy | Je =229 0n € Lo € z}
prefix(L) = {&' =uwyro--on; Jo=uwae- o, € Loa; € £,0<j < n}
suffix(L) = {2’ =wo50 2, Sr=wae- 2, e L, €5,1< 5 <n+1}

/1\

Prove that if L is a regular language, so too are L, prefix(L), and suffix(L). Can vou
define suffix(L) purely in terms of the other two definitions? If the answer is “ves.” do so.
(Nondeterminism makes this exercise easier.)

Exercise 4. Let L) and L, be regular languages. Define the shuffle of the two languages
to be defined as

1 1, LA = {31":119".1 el Tnln l Typrg -y € Ll:}/lg? ol € Z'f?)l

show that the regular languages are closed under the shuffle operator. (Hint: try messing
around with the DFAs recognizing the two languages to get o DFA recognizing the shuffle. If
(i are the states in the DFA recognizing L;, try Q = Q1 x Q2 x {1,2}, and use that last
“hit” {1.2} of the state to do “switching” between the two machines. and consequently, the
two languages.) You should be able to solve this problem with a deterministic DFA.



Exercise 5. Let © = {a.b}. Construct nondeterministic finite automata accepting each
of the following languages:

a. The set of strings in ¥ such that some two as are separated by a string whose length is
44, for some 7 > 0.

b. The set of all strings of as and bs such that the 10th symbol from the right end is a b.
Exercise 6. Now let’s try another definition of the shuffle of two regular languages

Y=Yz Yn € Lo where x and y can be “merged” or “shuffled” to form z.

The shuffied word 2 = 2129+ - 2p0p can be defined more formally (but maybe not as
intuitively) as: there exists a decomposition of the set S = {1,2,...,m + n} into disjoint
IT'={h <ig< - <iptand J = {jy < jo< -+ < jupsothat IUJ =5, 1InJ =40
and @ = 2,25, 2, Y = 3j,%5 - %,. Are the regular languages still closed under this
definition of shuffie? Show how to construct an NFA for thig langnage that guesses whether

the next symbol comes from a word in Ly or a word in Ly. (Nondeterminism helps.)
‘SOME ADDITIONAL STUFF

Exercise 7. Prove for any integer n > 1 that there are languages accepted by an NFA
with n + 1 states, but requiring DFAs with at least 27 states. (Difficult. but not too hard if
you follow this hint: let ¥ = {0,1}, and consider the language given by the reqular expression
(U D 10U ). Look at an arbitrary DFA with less than 2" states purporting to accept
this language, and use the Pumping Lemma or a similar pigeonhole-type argument, watching
what the DFA does with the 2™ inputs of length n.)

Exercise 8. Suppose § : @ x ¥ — (@ is the transition function of a DFA, and ¢
() x ¥ — () is its extension defined as

b(g,wa) = (5(5(@. w), a)

for a € ©.w € £*. Prove that for any strings r,y € £*. §(q. 2y) = 6(0(g. ). y). (Hint: use
induction on |yi.)
Exercise 8. A set of integers is lineqr if it is of the form

{e+pili= 0,1,2.3,.. J=Acc+pc+2pc+3p... .}

for fixed integers ¢, p > 0. A set is semilinearif it is the union of a finite number of linear sets.
Let R be a regular language over the one-letter alphabet ¥ = {0}. Prove that {j | 07 € R} is
semilinear. Hard way: prove by induction on regular expressions. Easy way: what can a DFA
Jor this language look like if the alphabet has only one letter? Try drowing the DFA—what
does it look like? How many edges go out of a node? Where are the final states?



