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ABSTRACT

Consider a network in which a collection of source nodes
maintain and periodically update data objects for a collec-
tion of sink nodes, each of which periodically accesseghe
data originating from some speci ed subset of the source
nodes. We consider the task of exciently relaying the dy-
namically changing data objects to the sinks from their
sourcesof interest. Our focusis on the following \push-pull”
approach for this data dissemination problem. Whenever a
data object is updated, its source relays the update to a
designated subset of nodes, its push set; similarly, whenever
a sink requires an update, it propagatesits query to a des-
ignated subset of nodes, its pull set. The push and pull sets
need to be chosensuch that every pull set of a sink inter-
sectsthe push sets of all its sourcesof interest. We study
the problem of choosing push setsand pull setsto minimize
total global communication while satisfying all communica-
tion requirements.

We formulate and study seweral variants of the above
data dissemination problem, that take into accourt di®er-
ent paradigms for routing betweensources(resp., sinks) and
their push sets (resp., pull sets) { multicast, unicast, and
controlled broadcast { as well as the aggregability of the
data objects. Under the multicast model, we presert an op-
timal polynomial time algorithm for tree networks, which
yields a randomized O(log n)-approximation algorithm for
n-node general networks, for which the problem is hard to
approximate within a constant factor. Under the unicast
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model, we presert a randomized O(log n)-approximation al-
gorithm for non-metric costs and a matching hardness re-
sult. For metric costs, we presert an O(1)-approximation
and matching hardnessresult for the casewhere the inter-
estsof any two sinks are either disjoint or identical. Finally,
under the controlled broadcast model, we presert optimal
polynomial-time algorithms.

While our optimization problems have beenformulated in
the context of data communication in networks, our prob-
lems also have applications to network designand multicom-
modity facility location and are of independert interest.

Categoriesand Subject Descriptors

C.2.1[Computer-Comm  unication Net works ]: Network
Architecture and Design| Network Communications, Net-
work Topology; G.2.2 [Discrete Mathematics ]: Graph
Theory| Graph Algorithms, Network Problems, Trees.

General Terms
Algorithms, Performance, Theory.

Keywords

Network Design, Push & Pull, Data Dissemination, Multi-
cast Tree, Approximation Algorithms, NP-Completeness

1. INTRODUCTION

Consider a network in which a collection of source nodes
maintain and update data objects that are periodically ac-
cessedby a set of sink nodes, each of which is interested
in the data originating from some speci ed subset of the
source nodes. Moreover, supposethat they always require
the latest data from all their sourcesof interest at the same
time in order to construct a current and complete view of
all the interesting data within the network. Such scenarios
arise in diverse network applications including event noti -
cation in sensornetworks and publish-subscribe systems[17,
20]. For instance, in an environmental monitoring system,
seweral geographically distributed sensors(sources) contin-
ually measurelocal conditions and a distributed collection
of network monitors (sinks) periodically require a picture
of the environment sensedby the network. Similarly, in a



publish-subscribe system, each subscriber (sink) may spec-
ify a rate for receiving updates from an arbitrary subset of
the publishers (sources), each of which may be generating
new information at an arbitrary rate.

A natural problem in the above scenario is to design an
excient mechanism for relaying the dynamically changing
data from the sourcesto the sinks while satisfying all com-
munication requirements. One approach is for the source
nodesto always update all their interested sinks as soon as
a data object is updated. This is clearly very inetcient if
the source updates are much more frequent than the sink
queries. Similarly, an approach based purely on the sinks
querying the sourceswhenever they needan update is waste-
ful when the sink queries are highly frequent. In fact, even
a middle-ground approach in which sourceswith low update
frequencies update their interested sinks while the remain-
ing sourcesreceive queriescan be seento be inetcient since
it doesnot exploit any network locality characteristics of the
accesses.

In this paper, we study a push-pull approach toward dis-
seminating dynamic data in networks. Whenever a data
object is updated, its sourceinforms a designated subset of
nodes, referred to as its push set Similarly, when an up-
dated view of the network is required at a sink, it queriesa
designated subset of nodes, its pull set The push and pull
setsneedto be chosensuch that every pull setof a sink must
intersect the push sets of all its sourcesof interest. Three
kinds of communication costs are incurred: the data prop-
agation cost from the sourcesto their push sets, the query
propagation cost from the sinks to their pull sets, and the
response cost carrying the updates from the nodes at the
intersection of the push and pull setsto the sinks. We con-
sider the question of how to choose push sets and pull sets
to minimize total global communication while satisfying all
communication requirements.

1.1 Our contributions

We formulate optimization problems that consider three
di®erernt paradigms for routing data between sources and
their push sets, and sinks and their pull sets: multicast,
unicast, and controlled broadcast. In the multicast model,
the network is an undirected weighted graph and a node u
may communicate with a set S of nodes through a subtree
T of the graph that connectsu and S while an incurring a
cost proportional to the sum of the weights of the edgesof
T. In the unicast model, the network is a complete weighted
graph over all nodes;all communication is through point-to-
point unicast, with eac edgeweight indicating the cost of
communicating between the two endpoints. Motiv ated by
applications in ad hoc networks, we also consider a third
model, the controlled broadcast, in which a source or sink
communicates with its push or pull set by broadcasting to
nodeswithin a certain distance range in the network.

We also distinguish betweenthe casewhere data may be
aggregated within the network without changing its size
(such as computing a sum or a maximum), and the case
where data simply hasto be collected at the sinks without
being processedwithin the network. This dimension a®ects
the contribution of the responsecoststo the total communi-
cation cost. Section 2 preserts the formal model de nitions
and all of the problem formulations.

2 Under the multicast model, we rst presert an opti-
mal polynomial-time algorithm for tree networks. An

interesting characteristic of the algorithm for trees is
that a globally optimal solution is obtained by com-
puting suitable \lo cally optimal solutions" for ead
edge of the tree. Using embedding of general met-
rics into tree metrics, we also obtain polynomial-time
randomized O(log n)-approximate solutions for general
graphs. Our optimization problem under the multi-
cast model is a generalization of the minimum Steiner
tree problem, and hence, MAXSNP-hard for general
graphs. These results are described in Section 3.

2 Under the unicast model, we rst presert a polynomial-
time randomized O(log n)-approximation for arbitrary
cost functions and an asymptotically-matc hing hard-
ness of approximation result. We then presert an
O(1)-approximation for metric cost functions in the
special casewhere the interest setsof any two sinks are
either disjoint or identical, and a matching hardness
result, via a reduction from the metric uncapacitated
facility location problem. Both of the approximation
algorithms are basedon rounding linear programming
relaxations of the problem. Theseresults are described
in Section 4.

2 We show that the data dissemination problem under
the controlled broadcast model can be solved optimally
in polynomial time by proving that all the vertices of
the polytop e of a particular linear programming for-
mulation are integral. By studying the dual of this lin-
ear program, we develop an optimal polynomial-time
combinatorial algorithm using maximum °ows. These
results are described in Section 5.

1.2 RelatedWork

To the best of our knowledge, the optimization problems
solved in this paper have not beenstudied earlier. The most
closely related work is the recert study on event noti ca-
tion in wireless sensor networks by Liu et al. [17] and the
FeedTree project [20]. Liu et al. considered regular two-
dimensional grids and planar Euclidean networks, in which
sensorsgenerate events periodically at a frequency that is
identical for all sensors,while information sinks issuequeries
at a frequency identical for all sinks. The focus of their
study is a particular class of communication mechanisms,
whereby the source sensorspropagate their updates and the
sinks propagate their queries along speci ed geometric pat-
terns on the Euclidean plane. From a systems perspective,
the FeedTree project considersthe problem of excient distri-
bution of RSSfeedsusing peer-to-peer multicast [20]. Com-
pared to [17], our problem formulations are much more gen-
eral with regard to the underlying networks, the dynamics of
the data, aswell asthe permitted communication structures.
Our work beginsto build a valuable theoretical foundation
for projects lik e Feedtree [20].

While our optimization problems have beenformulated in
the context of data communication in networks, our prob-
lems also have applications to network designand multicom-
modity facility location. In particular, the minimum-cost
2-spanner problem studied by Dodis and Khanna [6] and
Kortsarz and Peleg[14, 15], is a special caseof our data dis-
semination problem under the unicast model for non-metric
cost functions. Our algorithm of Section 4 is an alternativ e
O(log n)-approximation algorithm for the problem, match-
ing the bound of [6]. The optimization problem in the multi-



cast model is a generalization of the classicminim um Steiner
tree problem [8] and is related to the generalized Steiner net-
work [24] and group Steiner problems [19]. For instance, if
the push sets of the sourcesare xed, then the problem re-
ducesto solving an instance of the group Steiner problem
for eadh sink.

Under the unicast model, the data dissemination problem
is a generalization of the well-studied uncapacitated facilit y
location problem [21, 12, 25, 22], many variants of which
have also beenstudied [9, 23, 3, 16]. In particular, when we
have a single source and many sinks, our problem reduces
to uncapacitated facility location. Thus, our data dissem-
ination problem in the unicast model can be viewed as a
form of multi-commo dity facility location (with sourcesas
commodities and sinks as clients), a class of problems re-
certly studied by Ravi and Sinha [18]. From a technical
standpoint, however, there are crucial di®erencesbetween
the two studies: the model of [18] includes an initial instal-
lation costat each node for placing the “rst facility, a cost for
which our model doesnot have any provision. On the other
hand, the service cost for a client in [18], is additive over
di®erert commodities, while our aggregation model allows
for the sharing of client service costs acrosscommaodities.

2. PROBLEM FORMULATIONS

We consider a network in which a subset of sink nodes
periodically accessdata objects that are stored and period-
ically updated at another subset of source nodes. We let
P and Q denote the sets of sourcesand sinks, respectively.
We will assumethat ead sourcenode has only one data ob-
ject, becausemultiple objects can be modelled by multiple
colocated source nodes. Each sourcei updates its data ob-
ject at an averagefrequency of p; while each sink j accesses
data by issuing queries at an average frequency of ¢;. Each
sink j has an interest set |; that is the set of all sources
whosedata objects j would like to obtain in eac query. For
convenience,we assumethroughout this paper that all data
objects are of a uniform size. Many of our results extend to
the caseof non-uniform data lengths. We defer a discussion
on this issueto Section 6.

We adopt the following conceptual framework for the dis-
semination of information between the sourcesand sinks.
Whenever a sourcei updates its data object, i propagates
this update to a push set P; of nodesin the network. Sim-
ilarly, any query issued by a sink j is propagated to a pull
set Q; of nodesin the network. To ensurethat ead query
issued by j obtains the updates generated by all sourcesin
lj, werequire that i 2 1; ) P Q; 6 ;. A node in the
nonempty setP;  Q; then propagatesthe desired informa-
tion generatedby i to j.

The total communication cost for a given network, source
and sink sets and their frequencies, depends on both the
choice of the push and pull sets, as well as the underlying
routing mechanism. In all of our problems, our goal is to
minimize the following objective function which re°ects the
t)(()tal communicatio)rz cost:

X
pi ¢SetC(i; P;)+ g ¢SetC(j; Qj)+
i2p i2Q i2Q

g RespC(); (1)

where SetC(i; S) is the communication cost between node
i and the set S of nodes, and RespC(j) is the sum over
all i in I of the cost of propagating query responsesfrom
a node in the intersection of Q; and P; to node j. We

assumethat SetC(i; fig) = 0, sowe can assumewithout loss
of generality that i 2 P;. Similarly j 2 Q; for all j 2 Q .
We now elaborate on the SetC and RespC terms, beginning
with the latter.

Resp onse cost. We consider two response cost models.
In the aggregation model, we assumethat multiple distinct
data objects can be aggregated to yield a single data ob-
ject of the size of an individual object. In this model, the
responses are propagated along paths that are reverse of
query propagation, and aggregated as the paths meet and
merge; so we set RespC(j) = SetC(j; Q;). In the non-
aggregation model, we assumethat data objects from two
di®erert sourcescannot be aggregated,and hencecontribute
peparately to the communication cost; sowe set RespC{(j ) =

21, MIinC(Pi \ Qj;j), where MinC('S;j) is the cost of the
least-cost path from a node in S to j, denoted P (S;j).
Routing mechanism. The communication cost betweena
node i and a set S of nodes, namely SetC(i; S), dependson
the underlying routing model. We consider three models,
ead basedon a standard communication paradigm.

In the multicast model, data is routed from a nodei to a
set S on a multicast tree T connecting i to S. The network
is modeled by a graph G = (V;E) with a nonnegative cost
cw for eacth edge (u;v). For a given multicast tree T, we
de ne the function cost(T) as the sum of the costs of the
edgesof the tree. Thus, in the multicast model, we seeka
collection of push- and pull-sets (f Pig; f Q; g), together with
their respective multicast trees (f Tig;ijog), that minimize
Equation 1, with SetC(i; Pi) = cost(T;) and SetC(j; Q;) =
cost(T,—O); wepset RespC(j ) to be cost(TjO) in the aggregation
model, and 21, MinC(P;i \ Qj;j), otherwise.

In the unicast model we assumethat all communication
is through point-to-p oint unicast. For eadc pair of nodes
u and v, we assaiate a nonnegative cost d,, of commu-
nicating betwgenu and v. For the unicast model, we set
SetC(u;S) =, du and optimize Equation 1. Again we
set RespC(j) equals SetC(j; Q;) in the aggregation model
and 21, MIinC(Pi \ Qj;j), otherwise. We separately con-
sider the metric case(in which we assumethat d satis es
re°exivit y, symmetry and the triangle inequality), and the
non-metric casein which d is re°exive and symmetric, but
may not satisfy the triangle inequality.

In the controlled broadcast model, we assumethat com-
munication to a set of nodesis by meansof controlled broad-
cast, whereby a node broadcasts data through the network
up to a speci ed distance, reaching all nodeswithin this dis-
tance. The network is modeled by a metric distance func-
tion d and a cost function c. The distance between two
nodesu and v is given by dyu , and the cost of communicat-
ing from i within a distance d is given by c(i; d). For any
i, we assumethat c(i; d) is non-decreasingwith increasing
d. For the controlled broadcast model, we seeka radius r;
(resp., rj) for eat sourcei (resp., sink j) such that set-
ting P = fvj dy rig and SetC(i; P;) = c(i; ri) (resp.,
Q) = fvjdy - rjgand SetC(; Q) = c(j; rj)) minimizes
Equation 1. slere RespC(j) equalsc(j; rj) in the aggregation
model, and 21, MIinC(Pi \ Q;j;j) in the non-aggregation
model.

3. THE MULTICAST MODEL

In this section we consider a general model which special-
izesto both the aggregation and the non-aggregation casesof



the multicast problem. Let x, i be a 0-1 variable that indi-
catesthat edgeuv isin T;. Similarly y,j indicates that uv is
in T?and zyj indicates that i 2 1; and uv isin P(Ti\ T.%j).
Finally , we intro duce a new parameter mj; , which represerts
the average frequency of the responses. Our algorithms in
this section work for arbitrary mj . For the non-aggregation
case,we set mj = ¢, and for the aggregation case,we set
mj = 0 and double the g values. By choosing other values
for mj , we can model other scenariosas well; for instance,
setting mj = min (pi; g ) models the non-aggregation sce-
nario in which we omit responseswhen there is no new data.
The objectiv e function may be rewritten as follows:
X X X X X X X
Pi Cuv Xuvit G Cuv Yuvj t+ mij
i2P  uv2E j2Q uv2E i2P j2Q uv2E

Cuv Zuv ij

In section 3.1 we presert a polynomial-time exact combina-
torial algorithm for trees. Then in section 3.2 we presert an
O(log n)-approximation algorithm for general graphs, based
on the technique of embedding arbitrary metrics into tree
metrics.

3.1 An optimal polynomial algorithm for trees
When Gisatree T = (V; E), the distance MinC( Ti\ T%)
is simply the sum of edgeweights on a shortest path P (T;;j)
from any node in T; to j. First we rearrange the sums so
that we sum by edgeslast, and then split the coetcient of
the c,y term into two componerts, one for ead direction of
overall information °ow. For any edgeuv, let Sy, be the
largest subtree that contains u and excludesv. Note that
Svu = V nSy . We now substitute V = Sy [ Syy into the
equation and note that when i and j are both in Sy, the
edge uv can pot posgibly be on the path P(Ti;j). There-
fprethe sum ;5. 25, Mi Zwi is zero,and similarly

i2syy  j25., Mii Zuvi IS alsozero. Thus we obtain:

#
X X X X X
Cuv PiXuvi + G Yuj t Mij Zuy jj
uv 2E . i2Suw i2Svu i2Sw j2Svu #
X X X X X
+ Cuv Pi Xuv i + qyuvj + mij Zyy ij
uv2E i2Syu j2Suw i2Syu j2Sw

This grouping into two componerts for eac uv is quite nat-
ural becausetradeo®s in the sizesof Ti, TJ-0 and P(Ti;j)
involve cyy wheni 2 Sy, andj 2 Sy, (or elsewheni 2 Sy,
andj 2 S, ). We minimize the objective function by inde-
pendertly minimizing the coezcients of ¢,y in eac of the
two componernts above. The argument for both components
is symmetric, sowe presert only one of them in detail. For
any edgeab, let Py, = fi 2 Sgp j pi > Og and similarly let
Qab = f] 2 Saw jg > 0g. Sincep; = Ofor all i 2 Sy NPy
and g = Ofor all j 2 Syy nQuu, We can replace Sy, and
S,y with Py, and Q.u respectively in the coexcient of the
“rst component of the above equation, and we obtain the
coezxcient:

®y =

X X X
Pi Xuv i + G Yuvj +

i2Pyy i2Qvu

Mij Zuy jj
i2Puw J2Quu

We can informally interpret this to be the cost (per unit
edge weight) of using edgeuv to communicate events from
Puw to queriesin Qy, at the given frequencies. This includes
sourcesin Py, pushing data acrossfrom u to v, queriessert
by sinks in Qyu going across from v to u and responses

from Sy into Sy, going acrossfrom u to v. We will show
how to optimize ®, locally for eath edge and obtain a
globally consistert solution. Dene Xy = f(i;j) ji 2
Pw:j 2 Quu andi 2 1;g: Wewill de'ne asetof tokensfx; j
(i;j) 2 P £ Qg for constructing graphs. For (i;j) 2 Xu,
we can represert the constraints for membership of edgeuv
in subtrees of the form T;, T and P(T;;j) using the follow-
ing bipartite graph. De ne G,, with Py, as one part and
Quul TXxi j(i;j) 2 Xuw g asthe other part. The set of edges
of Gw isdened by E(Gw) = Xw [ f(i; x5 )j(i;j)2 Xwa.
Finally we assaiate weights pi, ¢ and m; with the nodesin
i 2Pw,j 2 Quuandx; sud that (i;j) 2 Xy respectively.

Lemma 3.1. For each directed edge e = uv, the weight
of a minimum weight vertex cover of G, is precisely the
minimum value of ®,, in any feasible solution.

Pr oof. We show that there exists a vertex cover of Gy
with weight W if and only if there exists a feasible solution
in which ®, = W. First, supposeC is a vertex cover of
weight W. Fori 2 Py, \ C,dene T; = T[Sw [ fvg], and
fori 2 Py nC,dene Ti = T[Sw], and for all i 2 Py,
dene the pull tree T°= (fig;;). Forallj 2 Quu\ C, dene
TP = T[Sw [ fug]and for all j 2 QuunC, dene T°= T[S,u]
and nally dene sourcetreesT; = T for all j 2 Quu. For
all xj 2 C\ fxj j(i;j)2 Xwg, dene P(Ti;j) = P(u;j),
and nally for all xj 2 fxj j (i;j) 2 XwgnC, dene
P(Ti;j) = P(v;]j). It is easyto verify that this is a feasible
solution, and that ®, = W.

Conversely supposewe have a feasible solution T;, TJ-0 and
P(Ti;j) foralli andj, in which ®, = W. We can construct
a corresponding vertex cover C of weight W as follows. If
there exists (i;j) 2 Xy such that e 2 T; then we include i
into C, at a cost of p;. Similarly if there exists (i;j) 2 X
such that e 2 T? then we include j into C, at a cost of
g . and nally, for all (i;j) 2 Xw, if €2 P(Ti;j) then we
include x; into C, at a cost of mj .

We claim that C is a vertex cover of G,y . Consider edges
in Gy, of the form (i; j) where (i;j) 2 X . Sincethe so-
lution is feasible, (i;j) 2 Ti, or (i;j) 2 T,-0 (becauseif nei-
ther subtree contains (i; j ), then there existsan (i;j) 2 X
for which Ti\ T® = ;. Soeither i 2 C orj 2 C. On
the other hand for edgesin Gy, of the form (i; x; ) for
some (i;j) 2 Xy, then since the solution is feasible, ei-
ther (i; xj ) 2 Ti, in which casei 2 C, meaning (i; xj ) is
covered, or (i; x; ) 62T;, and therefore (i; xj ) 2 P(Ti;j) and
Xj 2 C. Therefore C is a cover of Gy . [

It is well known that for bipartite graphs like G, the
minimum weight vertex cover can be computed in polyno-
mial time, using maximum °ow algorithms. The standard
procedure is to orient all the edgesin Gy from A = Py
to B = Qul[ fxj j (i;j) 2 Xuwg and assign them in-
nite capacities. We then create a new supersource s and
edges(s;i) with capacity p; for all i 2 P, . We also cre-
ate a new supersink t and edges(j; t) for all j 2 Qyu, each
with capacity g, and nally we create edges(xj ;t) for all
(i;j) 2 Xy, eadh with capacity m; . Call this graph GY, .
A max °ow from s to t can be usedto determine a minimum
cut R. From R, we obtain a minimum weight vertex cover
Cw = (AnR)[ (B\ R) for Gy .

For eath edgeuv there may be many di®erert minimum-
weight vertex covers. A consistert tie-breaking scheme is
neededto ensure that the resulting structures T;, T,-0 and



P (Ti;j) are connected. To resolve this problem, we will “rst
prove the following lemma, which will enable us to de ne
a canonical minimum weight vertex cover. Let A be one
part of a bipartite graph G. We say a minimum weight
vertex cover of G is A-maximal if it maximizes its weight
in A. The following lemma shows that A-maximal covers
are unique and we will use this to shov how to achieve a
globally consistert solution by using covers for Gy, that
are Py -maximal. Thus every edgeuv will prefer to do as
much pushing as possible among all the possible cheapest
con gurations. Let w(A) be the sum of node weights of
nodesin a set A.

Lemma 3.2. LetG = (A[ B; E) be a node-weightel bipar-
tite graph, let A1; A, o A andlet B;;B, u B. If A [ Bs
and A, [ B, are both A-maximal minimum weight vertex
covers, then A; = A, and B; = B».

Pr oof. Let A1[ B1 and Az[ B, (where A1;Ap A and
B1;B2p B) both be minimum weight vertex covers of a
bipartite graph G = (A[ B; E), which are A-maximal. Sup-
poseA:1[ B1 6 Az[ B,. Then A1 6 A, or B; 6 By, that is,
AinA, 6 ; or A,nA1 6 ; orBinB, 6 ; orBonBy 6 ;.

If u2 A;nA; and N(u) p By, then (A1 [ B1)nfugisa
lighter cover. Sou 2 Ai1nA; implies that N (u)\ (BnB1) 6 ;.
Now if v 2 N (u) then v 62B n(B1[ B32), otherwise the edge
uv is not coveredby A,[ B2. Soevery nodein Ai1nA; hasat
least one neighbor in B, nB; and nonein B n(B1[ B2). By
symmetry, every node in B; n B2 has at least one neighbor
in A, nA; and nonein An(Ai1[ A).

Now w(A1 [ B1) = w(Az [ B2) since both vertex covers
have minimum weight. Subtracting out the weights w(A1 \
A>) and w(B1\ B>), wegetthat w(A1nAz)+ w(B1nBy) =
W(A2 nA1) + w(B2nB1). Sow(A1nAy)i w(A2nA;) =
w(B2nB1)j w(B1nBy).

Now w(A1) = w(Az) since both minimum weight vertex
coversare A-maximal. Sow(A1nAz)i w(Az2nA;) = 0, and
therefore we also get that w(B2nB1)j w(B1nB;) = 0. That
is, W(A1 nAz) = w(Az2nA;) and w(B1 nB2) = w(B2 nB1).

First supposew(B2> nB1) < w(Az nA;). Then, starting
with A1[ B, we can exclude A1 nA», thus uncovering some
edgeswith endpoints in A; nA, and B, nB;. This can be
corrected by including B,nB 1, sothe set(A1\ Az)[ (B1[ B2)
is also a vertex cover. Moreover, sincew(B2nB1) < w(Azn
A1), the new vertex cover is strictly lighter, contradicting
the choice of A1 [ B1 asa minimum weight cover.

Next, supposew(B2 nB1) > w(Az nA31). This implies
w(B1nB32) > w(A2nA1). Starting with A;[ B, we can ex-
clude B1nB» and include A;nA1, and obtain another strictly
lighter vertex cover (A1 [ A2)[ (B1\ By), a contradiction.

So it must be the casethat w(B, nB1) = w(A2 nAj). If
both of these quantities are nonzero then we can start with
A1[ Bi, exclude B; nB, and include A; n A1, and obtain
another vertex cover (A1 [ Az) [ (B1\ Bz), which is the
same weight, but which has strictly more weight in A than
before, another contradiction. Soit canonly bethe casethat
W(A1 nAz) = W(A2 nAl) = W(Bl nt) = W(Bz nBl) = 0.
Thus A1 = A, and B; = B,. [

Next, we generalize the notion that if an edgeis a push
edge, then it must be a push edgeall the way back to the
source, and if it is a pull edgeit must be a pull edge all
the way to the sink, and nally if it is a response edge, it
must be a response edge all the way to the sink. For that
we require the following lemma:

Lemma 3.3. LetA, A° B, B%and B®he ve setsof nodes
with assignel nonzero node weights', for which the two fam-
ilies fA; A%B;B% and fA; B;B% are each pairwise dis-
joint. LetAi;A,pu A, Bi;Bou B, Az pu A% Bz p B%and
Bsu B Let Eq be a setof edgesbetween A and B, E; be a
set of edgeshetween A and B, E; be a set of edgeshetween
A and B and E3 be a set of edgesbetween A% and B®. Let
G: be a bipartite graph with parts A[ A°and B[ B°, and
edgesEo [ E1[ Es. Let G2 be a bipartite graph with parts
A and B[ B® and edgesEo[ E,. If A1[ B1[ As[ Bz is
the (A [ A%-maximal minimum weight vertex cover of Gy,
and A, [ B2 [ By, is the A-maximal minimum weight vertex
cover of Gy, then A1 p A, and B1 T Bo.

Proof. Let Ai[ Bi[ As[ Bz be (A[ A%-maximal in
Gi, and let A, [ B2 [ B4 be A-maximal for G,. Every node
uin A1 nA> hasto have at least one neighbor v outside B;.
If not, then N(u) 0 B1 in Gi, sowe can drop u from the
cover A; [ B1[ As[ B3z and obtain a lighter cover for G;.
Moreover, v 2 N (u) in G; implies that v 62B n(B1[ B»),
otherwise uv is not covered by A> [ B2 [ Ba in G2. Thus,
every node in A1 nA; has at least one neighbor in B, nB;
and nonein B n(B1[ B2). Similarly we can show that every
node in B, nB; has at least one neighbor in A1 nA, and
nonein An(Ai[ Az).

If w(A1nA2) < w(B2nB1), then we can obtain a lighter
cover for G, by starting with A[ B2[ B4, excluding B,nB1,
and including A1nA;. The newcoveris (A1[ A2)[ (B1\ B2)[
B4. Note that it covers G, and is lighter, a contradiction.

Similarly, if w(A1 nAz) > w(B2 nB3), we can obtain a
lighter cover, but for G; this time, by starting with A [
Bi[ As[ Bs, excluding A1 nA», and including B, nB;. The
new cover is (A1 \ Az)[ (B1[ B2)[ As[ Bs. Note that it
covers G; and is lighter, a contradiction.

Now supposew(A;1 nAz) = w(B2,nB1) 6 0. Then there
exists a cover for G, with strictly more weight in A. Starting
with A2 [ B2 [ B4, exclude B, nB1, and include A; nAs.
The newly formed coveris (A1[ A2)[ (B1\ B2)[ Ba. Note
that it covers G, and while it is the same weight, it has a
higher amount of weight in A. This is again a contradiction.

Therefore we are left with the casew(A1 nAz) = w(B2n
B1) = 0, from which it follows that A; 4 A, and B; 1 B>
as required, since all node weights are nonzero. [J

Algorithm 3.4. For each directed edge uv (ie. consider
each undirected edgein both directions separately), construct
the graph G,y , and 'nd its canonical minimum cut C,, . For
all'i 2 Py, if i 2 Cy theninclude uv in Ti. For allj 2 Quy
if j 2 Cy theninclude uv in TJ-°. Final ly, for all (i;j) 2 Xu
if Xj 2 Cu then include uv in P(Ti;j).

The correctnessof this algorithm is proven in Lemma 3.6
below, by applying Lemma 3.3 with the following de nition:

Definition 35. LetY- Z=1x;5 ji2Y;j2Z;i2lj09,
and let - have lower precedence than n. Let u;v;w be three
consecutive nodeson any path. We de ne G; = Gyw, Gz =
Guw and the following:

"Nodes with zero weights for either push or pull frequency
are assumedto not generateor consumeany data, and there-
fore no connections are required from or to these nodes.



A= Py B = Quv[ (Puw - Quv)

A= PywnPuy BC= PywnPu - Qwv

A1=Cyw\ Pw B %= QuunNQuv [ (Puw - QuunQuyv)
A>=Cyw \ Pw B1=Cvw\ (Quwv[ (Pw - Quv))

Asz=Cyw\ PywnPy B2=Cy\ (Qwv[ (Puv - Qwv))
Bs= va\ (vanPuv - Qwv)
Bs=Cuw \ (QuunQuv[ (Puw - QuunQuyv))

Lemma 3.6. The edgesetsfT; ji 2 Vg, fTjj 2 Vg
and fP(Ti;; ) ji;j 2 Vg resulting from Algorithm 3.4 are
all connected, and can correctly be called subtrees and paths.

Pr oof. To show that the edge set T is connected for
eachi 2 P, it suxcesto show that if i 2 Pyw \ Cyw then for
all rs2 P(i;v), i 2 Crs. That in turn follows by induction
if we can show that if i 2 Pyyw \ Cyw andi 6 v and uv is the
next edgeon a path from v back to i, theni 2 Cy . Suppose
i 2 Puw\ Cyw. Sincei 2 Pyy and uv 2 P(i; v), it follows
that i 2 Py . Also it follows from i 2 Cyy that i 2 Ay, by
de nition 3.5. Lemma 3.3 givesus that A; 4 Az, and since
A i Cy, it followsthat i 2 Cyy .

Similarly we show that the edge set TJ-° is also connected
for each j 2 Q, by showing that if j 2 Qyu \ Cu then
for all rs 2 P(v;j), j 2 Cis. The inductiv e step in this
caseis to show that if j 2 Quu \ Cuw andj 6 v and vw
is the next edge on a path from v to j, then j 2 Cyy.
Supposej 2 Quu \ Cu . Sincej 2 Quy and vw 2 P(v;j), it
follows that j 2 Quwy. Also, j 2 C, implies j 2 B,. Soby
Lemma 3.3,j 2B, yu B1 p Cyw.

Finally we show that for every pair (i; j) 2 P£ Q, the edge
setP(T;;]) is connected, by showing that if xj 2 Xuw \ Cuw
for someedgeuv, then for all rs2 P(v;j), Xj 2 Crs. Again
the main step is to show that if xj 2 X, \ Cw andj 6 v
and vw is the next edgeon the path from v to j, then x; 2
Cvw. Supposexj 2 Xuw \ Cuw. First, xj 2 Xy implies
i2Pw andj 2 Quu andi 2 I;. Now sincevw 2 P(v;j),
i 2 Qwv. Moreover Py 1 Pyw. SoXj 2 Xyw. Next, notice
that x; 2 Cyu implies xj 2 B2, by de nition of B». Sowe
use Lemma 3.3 again to obtain xj 2 Bo p By g Cyw. O

Having established correctness, it remains to show that
Algorithm 3.4runs in polynomial time. To establish this, we
needto verify that the push-biased (that is, Py -maximal)
minimum weight vertex cover of G,, can be computed in
polynomial time. To this end, consider the following two
lemmas (the rst one is well known in the folklore so we
omit the proof, but though the secondlemma is simple, we
are not aware of situations in which it has beenused).

Lemma 3.7. If R; and R, are two minimum cuts of G,
that are reachablefrom s in the residual networks of maxi-
mum °ows f; and f, respectively, then R; = R,. [

Lemma 3.8. If R is the minimum cut for G, that is
reachablefrom s in the residual network of a maximum °ow
fandC= (AnR)[ (B\ R), then C is P, -maximal.

Pr oof. It is well-known that C is a minimum weight
vertex cover. It only remains to show that it is A-maximal.
From the de nition of C, it must bethe casethat w(AnR) is
as large as possible for any minimum cut, and equivalently,
that w(A\ R) is as small as possible. Suppose not. Then
there exists a minimum cut R® such that w(A\ R% < w(A\
R). Now consider R\ R°®which, being the intersection of two
minim um cuts, is alsoa minimum cut. Let f °be a maximum

°ow that saturates R\ R andletv2 RnR® Clearly v 2 R,
but v is not reachable in the residual network of f % which
contradicts Lemma 3.7. Sow(A\ R) is in fact as small as
possible. [

Distributed implemen tation. Our algorithm in the mul-
ticast model for trees achievesglobal optimalit y by indepen-
dently solving local optimization problems for eath edge of
the network. This enablesa simple three-phase distributed
implementation of the algorithm. The rst phaseconsistsof
a global exchange in which ead network node learns of the
interest sets and frequenciesof all of the sourcesand sinks.
The secondphaseis entirely local, in which each node com-
putes the minim um vertex cover for the problem de ned for
ead of its adjacent edges. The resulting local solutions are
directly usedin the "nal long-running phasein which the in-
formation published by the sourcesis contin ually pushed to
the respective push sets and pulled by the sinks from their
respective pull setsin a cost-optimal manner.

The second and third phasesare self-explanatory. The
“rst parameter exchange phasecan be carried out by a com-
munication step in which every sourceand sink node inform
other nodes of their frequency and interest sets. The num-
ber of bits communicated in this phase is proportional to
the total number of sourcesand sinks and the sizesof their
interest sets. Since this is a one-time cost, this communica-
tion can be amortized against the cost incurred during the
long-running phase. Furthermore, if the number of di®erert
frequency values and the number of di®erert interest sets
are small, the total amount of communication in the “rst
phasecan be signi cantly reduced. We nally note that any
changein the set of sources,set of sinks, frequencies, or in-
terest sets, can be broadcast within the network, following
which ead node can locally compute an updated solution.

3.2 Resultsfor generalgraphs

We now presert a randomized O(log n)-approximation for
general graphs in the multicast model, based on the tech-
nigue of embedding arbitrary metrics into tree metrics [1,
7, 13]. In particular, we rst usethe 2-HST (hierarchically
well-separatedtree) construction of Fakcharoenphol et al [7],
which O(log n)-probabilistically approximates the metric d
over the given graph. We then apply the result of Konjevod
et al.[13], who showed that any k-HST resulting from weak
or strong probabilistic partitions can be replaced by a tree
whose vertex set is that of the original graph at the cost
of a constant factor in stretch. By a standard argument,
we obtain a randomized O(log n)-approximation for general
graphs. One can also obtain a deterministic O(logn) ap-
proximation via the deterministic rounding techniques of [2,
7].

On the hardness side, the data dissemination problem is
easily seento be a generalization of the classic minimum
Steiner tree problem, which is NP-hard to approximate to
within a factor 96/95 [5].
Appro ximation algorithm

Theorem 3.9 (Konjev od et al[13]) . Any k-HST T°
resulting from weak or strong probabilistic partitions can be
replaced by a tree T whose vertex set is V(G), such that
de(u;v) - dr(u;v) - 2dro(u;v)k=(k i 1) for any u;v 2
V(G).

We apply this result to the 2-HST construction of Fakcharoen-
phol et al [7].

for general graphs.



Theorem 3.10 (Fakchar oenphol et al[7]) . The dis-
tribution over tree metrics resulting from (their) algorithm
O(log n)-probabilistically approximates the metric d.

Let (Sg;S%) be an optimal solution in a given graph G
with cost OPT(G). Let T be a tree (de ned on the nodes
of G) selected at random from the distribution of metric-
spanning trees that O(log n)-probabilistically approximates
the metric d of shortest distances in a graph G. Convert
every edge e in a structure of (Sg;S%) into the corre-
sponding path P(e) within T. (By a structure we mean
a push tree, a pull tree or a response path). Since two
structures T; and T in the optimal solution of G inter-
sect in G, they will also intersect in T. Thus we obtain
a family of structures in T which is feasible for T, with cost
O(log n) ¢COPT(G). Therefore the optimal solution OP T (T)
of T satises OPT(T) - O(logn) ¢OPT(G).

After running the Algorithm of section3.10on T, we obtain
the value OPT(T) of an optimal solution (St;S%) for T.
We project it back into the graph G asfollows: every edgee
in a structure (T; say) of (St;S%) is replaced by the corre-
sponding path P 1(e) in G. Call the imagesof the endpoints
of e essential nodesif e is in a subtree like T; or T Other-
wise e is in aresponsepath from u to v, say, and then let the
images of only u and v be essemial in G for this structure.
The resulting structures in G are connectedbut may not nec-
essarily be subtrees, so we replace eat such structure with
the Steiner tree of G (or a 2-approximate MST approxima-
tion of the Steiner tree) or elsethe shortest path (in the case
of a response path) that contains its essemial nodes. Since
structure intersections in T only occur at essetial points,
the required intersection properties hold in G, and the cost
of each such structure in G is at most twice the cost of its
precursor in T. Therefore we have obtained an approximate
solution ALG (G) which is at most twice OPT(T). There-
fore ALG (G) - 2¢OPT(T) - O(logn) ¢OPT(G). Thus we
have shown that:

Theorem 3.11. Thereis an expected O(log n)-approximation

for the Multic ast problem in geneml graphs. [

4. APPROXIMA TION ALGORITHMS FOR
THE UNICAST MODEL

In this section, we presert approximation algorithms and
hardness results for the unicast model. Recall that in the
unicast model, we are given distances dy, for every pair of
nodesu and v in the network, and the goal is to determine
the push-sets P; and pull-sets Q; that minimize the total
communication cost

X X X X X

pi dic + g dj +
2P k2 P; j2Q k2 Qj j2Q

g ¢RespC(j);

subject to Pi\ Q; 6 ; foralli 2 1;. We rst consider the
aggregation model. In Section 4.1, we presert an O(log n)-
approximation algorithm for the arbitrary distance functions
and interest sets, using a variant of the standard randomized
rounding scheme, and an asympototically matching hard-
nessresult. In Section 4.2, we presert a constant-factor
approximation for metric distancesin the special casewhen
the interest setfor every sink is identical, and the MAXSNP-
hardness for this special case. Finally, in Section 4.3, we
consider the non-aggregation model where we show that the
problem reducesto solving multiple instances of the unca-
pacitated facility location problem.

4.1 The generalunicast model with aggrega-
tion

In this section, we presert an O(log n) approximation for
the information dissemination problem in the unicast model
for general (non-metric) cost functions, when responsesare
aggregziged. In B‘le aggregation model, i 20 RespC(j) is
Simply ;50 G y2q, Gkj; SOwe can replace the response
cost by doubling the sink frequencies. Thus, we can ignore
response costs without loss of generality. Our algorithm is
based on rounding a linear programming relaxation for the
problem. We begin by preserting an integer program for the

problem.
_ X X X X
min pi di Xk + G
i82P k2V i2Q k2Vv

dj Yxij

< Tjk - Xi
Bi k * Ykj
krijk, 1

subject to , where Xk s Ykja Tk 2 0 1g:

Consider the linear programming (LP) relaxation obtained
by replacing the 2 f0; 1g constraint in the integer program
by the , 0 constraint. Let (x%;y”;r") denote an optimal
solution to the LP. Our rounding procedure is as follows.

1. We zero out any variable whosevalue is at most 1=n?.
As a result of this, the solution may no longer be fea-
sible since the third condition of the LP may not be
satis ed. However, for any pair (i; j), the sum of the
ri‘j’ 'S that are at most 1=n? is at most 1=n; so we can
scaleup all of the valuesby a factor of 1=(1; 1=n) and
obtain a feasible solution.

2. We next round eac value up to the nearest power of
1=2. Let (x;y; F) denote the resulting solution.

3. For any node k and integer p, 0- p< 2logn, let X p«
(resp,. Ypk) denote the set of nodesi (resp., j) such
that »i , 1=2° (resp., wj , 1=2°).

4. We executethe following randomized rounding stepin-
dependertly for each node k and integer p: with prob-
abilit y minf (log n)=2°; 1g, add k to P; for all i in X
and to Q; for all j in Yp.

Lemma 4.1. For any pair (i; j) and node k, the probabil-
ity that k lies in P; \ Q; is at least minf 1; i « log(n)g.

Pr oof. Follows directly from the fact that i 2 Xog (1 1 )k
andj 2 Ylog(ﬁij KOk O

Lemma 4.2. For all i, j, and k, the probability that k is
in P; (resp., k isin Qj) is at most minf 1; 2%y logng (resp.,
minf 1; 2y « logng).

p Proof. The probability that k is in P; is at most
D2 X i (logn)=2" = 2%y logn. The proof of Q; is simi-
lar.

Theorem 4.3. With high probability, the solution (f P;g; f Q; g)

is feasible and the cost is O(log n) times that of the optimal
LP solution.

Pr oof. By Lemma 4.1, the probabilit
not,intersect for a given pair is at most
e K Fij klogn |

noting the cost per unit frequency for i.

that P; and Q; do
« @i H«logn) -

1=n2. Let C; be the random variable de-
By Lemma 4.2,



P
Ci is dominated by |, Ci , where Cy is the random vari-
able that independertly takes value dix with probability

minf 1; 2%y logng. By stangsrd Cherno®-Hoe®dipgbounds [4,

11] with high probabilit y, K Ci is O(logn) ¢ K dik %i ,
which is O(log n) times the cost per unit frequency for i
in the optimal LP cost. Adding over all of the at most n
sourcesand sinks yields the desired bound on the cost with
high probability. O

Hardness of appro ximation. We establish an asymp-
totically matching bound on the hardnessof approximation
by reduction from the minimum-cost 2-spanner problem,
which is NP-hard to approximate to within an O(log n)-
factor on n-node graphs in polynomial time [14]. In the
minimum-cost 2-spanner problem, we are given an undi-
rected graph G with edge costs and seek a spanning sub-
graph of G of minimum total cost such that the distance
between any two vertices in the subgraph is at most twice
that in G. This problem reducesto the data dissemination
problem by placing a source and sink at eac node of G,
setting the interest set of each sink to be the sourcesat its
neighbors in G, the distance betweentwo adjacent nodesto
be 1 and non-adjacent nodesto be 1 , and all frequenciesto
be unit. Given any solution to the 2-spanner problem, we
set the push set (resp., pull set) to be the set of neighbors of
the node in the solution subgraph; the resulting cost is twice
the cost of the subgraph. On the other hand, any solution
of push and pull sets for the data dissemination problem
yields a 2-spanner of at most half the cost. We defer the
proof details to the full paper.

4.2 Themetric unicastmodelwith uniform in-
terestsetsand aggregation

In this section, we assume that the interest sets of all
the sinks are identical. It is easy to seethat any result
for this special caseextends to the casewhere the interest
sets of any two sinks are either disjoint or identical. Our
approximation algorithm is based on a di®erert, determin-
istic, rounding of the linear program relaxation preserted in
Section 4.1. Our rounding procedure is based on the Tter-
ing technique of [16], as has also beenused for other facility
location problems[21,18]. Asin Section4.1, let (x°;y";r")
denote an optimal solution to the LP. For any node u and
real r, we de ne the hall of radius r around B Bu (r) asthe
setfv:dw - rg. Let Ci denote the term , di Xj , that
is, the push cost of node ppin the LP solution. Similarly we
de ne the pull cost C =y ykJ for each node j.

bemma 4.4. For any i 2 P,yj 2 Q, and ® > 1, we have
Xk - 1=® and v - 1=@ [
k2B (®Cj) kzsj(@)cjo)

We compute two sets S and S° from P and Q and the
linear program solution. Set S is obtained by going through
the sourcesin non-decreasingorder of their C; values. We
initially set S to ;. Let ~ > 1. When we consider source
i, weaddi to S, i® there does not exist © 2 S such that
di - “(Ci + C'). We similarly compute S°

We now compute an O(1)-approximate feasible solution
as follows. For each i in P, let *; be an arbitrary point in
S sud that C, Ci and dp “(Ci + C-); note that if
i 2 S, then 7 is simply i, while it is well-de ned for i 2 S
by our construction of S above. We similarly dene  for
eah j in Q. Foreahi 2 P, wesetP; = fig[ flig][

fj :j 23 and CY - Cig, and for eah j in Q, we set

Qi —fjg[f o9 f| i2SandCi< Clg.

Lemma 4.5. Foreachi2 Pandj 2 Q,Pi\ Q; 6 ;. O
XTheorem 4.6. For each i 2 P and j 2 Q, we have

dx - O(Ci); and dej - O(C):

k2 P; k2 Qj

Pr oof. Consider the elemerts of the set P;. These in-
clude i, i, and all j 2 S°such that C° - Ci. We have
di = 0anddi, - (Ci+ C,)- 2 Cj. Consider the balls

of radius CO aroundj for aII j in S°% By our construction,
these balls B,( G %) are all disjoint. Therefore, at most one
of these balls contalns i. Let S. denote the setofj 2 S%such
that C Ci andi 2 B; (" C 9. For every] 2 Si, consider
the baII BJ (®C°) contalned Wltrpn B; (G 9, where®< N
By Lemma 4.4, we obtain that k2B, (®Co) ik, 1i 1=@

Since these balls are all disjoint and none of them contains
i, we obtain that

X, X e, 1
Ci R (dij i ®Cj0) Fijk . dij 1i = 1 @
i2s; kzsj(®clo) i2s;
Ci @i nX .
® , v
j2S;i
In caseswhere i 2 Bj("C) for somej, dj - ~C’- "Ci.
Thus, recalling that di, - 2 Ci, we can write:
X _ ®
dik . (3 )Cii

M~y
k2P, (i &®i 1)
This completes the proof of the “rst inequality. The proof
of the secondis analogous. If we set®= 1:69and ~ = 2:86,
we obtain a 14:57-approximation. [J

We next show that the data dissemination problem in the
metric unicast model is NP-hard to approximate to within a
constant factor, even in the special caseof uniform interest
sets. Our hardnessresult is via an approximation-preserving
reduction from the facility location problem.

Consider an instance of the uncapacitated facility loca-
tion problem over a set D of n points with metric distances
given by function d, with unit facility cost and unit demand
at eadh node. The class of sudh instances is known to be
NP-hard and cannot be approximated in polynomial-time to
within afactor of 1.278unlessN P %2 DTIM E (n'® °¢ ") [10].
We reduce this problem to the metric unicast problem with
uniform interest sets as follows. The set of nodesis V =
D [ ftg, where t is a new node at distance 1=2 from every
node in D, for some?2 < 1=maxyy 2p duw . Clearly this de-
“nes a metric space. We let D be the set of sources, each
with frequency equal to its demand, and t be the lone sink
with frequency 2.

Consider any optimal solution to the data dissemination
problem. Since there is only one sink, the push sets are all
singleton sets. Let S be the union of all push sets. If S
contains t and has size at least two, then we can replace
t in any push set by any node in S and reduce the total
cost. Furthermore, if S equals ftg, then the total cost is
greater than the casewhen S is the singleton set contain-
ing any source node. Thus, we can assumethat S does not
contain t. In this case,the total communication cost is ex-
actly equal to the cost incurred when opening facilities at



nodesin S in the facility location problem, thus complet-
ing the reduction. To make the reduction approximation
preserving, if weset? < 1=5(® ., ,p duw ), we obtain that
an ®-approximate solution to the data dissemination prob-
lem yields an ®-approximate solution to the facility location
problem, thus yielding the desired hardnessresult.

4.3 Responseostwithout aggregation

In the non-aggregation model for responsecosts, RespC(j )
equals 21, d(Pi  Qj;j), whered(S;j) is the distance to j
from the nodein S that is nearestto s Sincewe can assume
without lossof generality that Q; p 21, Pi, it follows that

the total responsecostisthus at least the query propagation
cost. It is easyto seethat the problem of minimizing the
sum of the push costs and response costs can be reduced to
jPj instances of the uncapacitated facilit y location problem,
onefor every sourcenode. Thus, constant-factor approxima-
tions for the facility location problem yield constant-factor
approximations in the non-aggregation model. We defer a
discussionof the best approximation factors obtained to the
full paper.

5. CONTROLLED BROADCAST MODEL

In this section, we provide a polynomial-time optimal al-
gorithm for the controlled broadcast model, for each of the
two response cost models. Throughout this section, we as-
sumefor simplicity that the metric distancesd; are induced
by an undirected unweighted graph. Our results can be ex-
tended to the caseof weighted graphs; we defer this discus-
sion to the full paper.

In the controlled broadcast problems, we seekr; and r; for
eahi2P,j2Q,sudchthat that ri +r; | dj foralli2lj.
When the rgsponsesare aggregated, then the objective is
to minimize  ;,, pic(i;ri)+ 2 ;,y Gc(j rj). When there
is no aggregation, then the objective is to ginimize the to-
tal cost  , pc(iiri)+ oy Geir)+ i, MinC(Pi\
Qi)

We formulate the problems as integer linear programs as
follows. Let M = max;; fdj g. Note that M < n. For eath
i 2 P de ne 0-1 variables Xxi1;Xj2;::: X and similarily for
each j 2 Q, de ne variables yj1;Yj2;:::yjm . The relation
between these variables and the variables r;;r; is given by
the constraints ri , k, Xx = landr; , |, vy =
1. In the aggregation model, we have the following linear
constraints:

Xik + Y1, 1 8e=(i;j)2 E; 8k;l, 1:k+I=dj+1
Xik - Xi(ki 1) 8i2P; 1<k- M (2)
Vit Yioiy 8/ 2Q; 1<1- M:

In order to capture the responsecostin the non-aggregation
model, we intro duce a third set of variables z; |, for every
j, 1 2 1j, and k, which indicates whether i's data item is
propagated to j by a node that is at least distance = away.
We have the following additional constraints:

Xik +zji, 1 8e=(i;j)2E; 8k, 1:k+l=dj+1
Zir -y 8 2Qi21;;1-1- M (3)
Zit- Zijgiy 8 2Qii2l; 1<1- M:

In the aggregation modgj, we seekto minimize the linear
objective  ; ® Xk +2 ;; j1Yji, where ® = pi(c(i; k) i
cii;ki 1) and j1 = qg(c(G; )i c@;ili 1)). In the

pon-aggregaton model, we seekto minimize
jroYin T Gz _
It is easyto seethat both of the above linear programs
are, in fact, special casesof the following linear program over

Kk ®k Xik +

E., E2, and E3 asarbitrary subsetsof U £ V, U?, and V?,
respectively

X X

min fu ¢u+ v Cv;
éZU v2V
< u+v, 1
subject to our, uz
Vi, V2

8(u;v) 2 E;
8(U1;U2) 2 Ex (4)
8(vi;Vv2) 2 Es:

Theorem 5.1. All the vertices of the polytope of the lin-
ear program 4 are integral; hence, an optimal integral solu-
tion can be found in polynomial time.

Proof. Let S = (ui;:::;Up;V1;iii;Vq) be a feasible so-
lution with at least one fractional variable, and let pu=
min o<y v < 1fui; i uijvy; 1 vjg. Let S; denote a solution
vector derived from S in which all fractional u; are incre-
mented by p and all fractional v; and are decremerted by
W Similarily, de'ne S, as the solution vector in which all
fractional u; are decremerted by p and all fractional v; are
incremented by p. The solution vectors S; and S, satisfy
the constraints of the linear program and henceare feasible
solutions. Further, S = $S; + 1S, and henceS is a linear
combination of S; and S,. Hence S is not a vertex. Thus,
any solution vector containing at least one fractional vari-
able can not be a vertex. Hence, all vertices of the above
linear program are integral. [

We now presert a more excient combinatorial algorithm
for solving the linear program of Equation 4 by considering
its dual, which maximizes ., y,¢, @uv subject to

X X X
ayy + by o biou - fu uz2uU (5
(u;v;<2E1 (uu ‘;)(2Ez (UO;L>122E2
auy t+ Cyvoi Cyoy - Ov v2V: (6)
(uv)2E1 (Viv9)2E3 (VOv)2E3

Consider the directed graph with the vertex setfs;tg[ U[ V,
where s and t are the source and sink, respectively. Let
Es = f(s;u) ju 2 Ug, Es = f(v;t) jv 2 Vg, EJ =
f(v;v%j (v%v) 2 E3g. The edgesetin the graphisE;[ Ez[
EJ[ E4[ Es. We set the capacity of an edge(s;u) to bef,
and that of (v;t) to be g,. All other capacities are in nit y.
Let ayy ; by o; Cyyo denote the °ow through edgesthrough
E., E2, and EQ respectively. Then, the °ow constraint at
ead vertex in U gives constraints (5) and at vertices in V
give constraints (6), respectively. Further, sinceE; is a cut,
the °ow through E; = ., ayy is the total *ow from s to
t. Thus, the maximum °ow solvesthe dual LP, from which
we can obtain a solution to the primal LP.

The LP (4) is general enough to capture the data dis-
semination problem under the multicast model for tree net-
works, studied in Section 3.1. It thus yields an alterna-
tive polynomial-time algorithm for that problem. This al-
gorithm, however, has higher complexity than the algorithm
of Section 3.1 since the size of the maximum °ow graph in
the above algorithm is at least the sum of the sizesof the
bipartite graphs whose vertex covers are computed in the
algorithm of Section 3.1.



6. CONCLUDING REMARKS

Our model described in Section 2 assumesuniform lengths
for all data items. Non-uniform data lengths a®ectboth the
push costsand the responsecosts. The e®ectof non-uniform
data lengths on the push costs can be easily modeled by
scaling the source frequenciesappropriately. The impact on
response costs depends on whether the responsesare aggre-
gated. If the responsesare not aggregated,then non-uniform
data lengths can be easily modeled by multiplying the length
of the data item of a sourcei to the response cost for the
data item to every sink j such that i isin |;. Thus all of
our results hold when the responsesare not aggregated. If
the responsesare aggregated, then we need an additional
model that speci es the size of the aggregation of two data
items or aggregates,an issuethat we do not consider in this
paper. Our results do apply in the special casewhen all of
the aggregateshave uniform size.

Two signi cant open problems left by our work are to re-
solve the gap between the O(logn) upper bound and the
O(1) lower bound on the approximation ratios for both the
multicast model on general graphs and the metric unicast
model with general interest sets. It would also be interest-
ing to consider scenarioswhere the data update and query
frequenciesare unknown and may changewith time, thusre-
quiring solutions that estimate these frequenciesand adapt
to thesechanges. Heuristics for such adaptive schemesunder
special caseshave been studied in [17].
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