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ABSTRACT

This paper is concernedwith compact routing in the name
independert model rst introduced by Awerbuch et al. [1]
for adaptiv e routing in dynamic networks. A compact rout-
ing scheme that useslocal routing tables of size O(n=?),
O(log? n)-sized packet headers,and stretch bounded by 5 is
obtained. Alternativ e schemesreducethe packet headersize
to O(log n) at cost of either increasing the stretch to 7, or
increasing the table sizeto O(n%=%). For smaller table-size
requirements, the ideasin these schemesare generalized to
a schemethat usesO(log? n)-sized headers, O(k?n?7)-sized
tables, and achieves a stretch of minf1+ (k  1)(2%*2
2); 16k? + 4kg, improving the best previously-known name-
independert scheme due to Awerbuch and Peleg[3].
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1. INTRODUCTION

Consider an undirected (weighted) n-node network where
nodes are labeled with an arbitrary permutation P of the
1g. A packet labeled i can arrive at any
node in the network, and must then be deliveredto the node
that P assignedlabel i. This is called nhame-independent
routing, since the labels are unrelated to network top ology.
Consider the scheme in which ead node stores an entry
for each destination i in its local routing table, containing
the name of the outgoing link for the rst edge along the
shortest path from itself to i. This usesO(n logn) spaceat
every node, and routes along shortest paths.

In this paper, we consider the following question: can we
design a compact routing scheme for this problem? That is,
when the condition that packets route along shortest paths
is relaxed to allow somebounded stretch (where the stretch

of path p(u;v) from node u to node v is de ned as I,
where d(u;v) is the length of the shortest u-v path), can
routing tables be constructed that use sublinear space at
every node?

Though the name-independert compact routing problem
was rst introduced in 1989 by Awerbuch, Bar-Noy, Linial
and Peleg [1], progress has been slow. Much recent work
[4, 7, 6, 17] has occurred on the easier, but related com-
pact routing problem, where the compact routing scheme
designermay assignhis/her own polylogarithmic-sized node
labels (generally O(log n)- or O(log? n)-bit), dependert on
network topology. That is, when a packet destined for i
arrives, \i" has beenrenamed, not by some arbitrary per-
mutation P but by the routing scheme designer,in order to
give maximum information about the underlying topology
of the network. (An alternate but equivalent formulation is
that a packet destined for i arrivesalsowith a short (up to)
O(log? n)-bit addresschosenby the compact routing scheme
designer, dependent on network topology.) For example, if
the underlying network was a planar grid in the topology-
dependert (also called the name-degndent) model, then the
algorithm designercould require that a packet destined for a
node comesaddressedwith its (x; y) coordinates, whereasin
the name-independert model under consideration here, the
packet would comewith a destination name, independert of
its (x;y) coordinates, and would have to learn information
about its (x;y) coordinates from its name as it wandered
the network.

In [1], Awerbuch et al. argue that even though topology-
dependert node labels might be ne for static networks,
they make lesssensein a dynamic network, where the net-
work topology changesover time. There are serious consis-




tency and contin uity issuesif the identifying label of a node
changesas network connectivity evolves. In such a model, a
node's identifying label needsto be decoupled from network
topology. In fact, network nodesshould be allowed to choose
arbitrary names (subject to the condition that node names
are unique), and packets destined for a particular node name
enter the network with this name only, with no additional
topological address information.* Routing information re-
lating this name to the location of the destination node is
distributed in the routing tables of the network, which can
be updated if network topology changes.

The schemeof Awerbuch et al. in [1] showvedthat, perhaps
surprisingly, the problem of compact routing with name-
independert node names was not impossible. They pre-
serted the rst compact routing schemeto achieve all of the
following four properties: (1) Sublinear-spacerouting tables
at every node, (2) Constant sizestretch, (3) Polylogarithmic-
sized routing headers, and (4) Topology-independert node
names.

However, the Awerbuch scheme was of theoretical inter-
estonly, becausethe stretch they achieved wasfar too large.
While [1] presert dierent tradeos of stretch versusspace,
the minimum stretch any of their schemesusewhen achiev-
ing sublinear space, is stretch 486. That is, their schemes
produce paths that are at most 486times the optimal length
of the shortest path. A paper of Awerbuch and Peleg[3] that
appeared a year later preserted an alternate scheme with
a polynomial space/stretch tradeo that achieves superior
stretch to the [1] construction when spaceis  O(n'™2).

Gavoille and Gengler proved a lower bound of 3 for the
stretch of any compact routing scheme that usessublinear
spaceat every node. Their result applies when there are up
to log, n bits of topology-dependert routing information,
and therefore also to the name independert model [9].

Table Header
Size Size Stretch

nt=2 O(logn) | 2592
n2=8 O(log n) 486
ni=2 O(log n) 1088
O(log n) 624

(1]
(1]
(3]
(3]

QQ|Q|Q|aQ|aQ|a
o}

This pap er n=2 | O(log?n) 5
This pap er ni=2 O(log n) 7
This pap er n2=3 O(log n) 5
Lower Bound [9] o(n) log, n 3

Figure 1: Minim um stretc h achiev ed with sublin-
ear space for new and known results on name-
indep endent compact routing. (New results are in
boldface.)

!Notice that this is a slightly stronger condition than hav-
ing the nodes labeled with an arbitrary permutation P,
since that assumesthat the labels are precisely the inte-
1g but we talk about how to get around this
in Section 5.

1.1 Our Results

This paper preserts the rst practical compact routing
algorithms that achieves all 4 of the criteria preserted in
[1] including name-independence. Their resource require-
ments are listed in Figure 1, along with a comparison of our
results with previous results in this model. The principal in-
gredients of our schemesinclude the following: the O(log n)
greedy approximation to dominating set, used in the same
fashion asin [2, 7, 6, 16] for most of the constructions; the
sparse neighborhood covers of [3] for the construction in
Section 4; a distributed dictionary, as rst de ned by Pe-
leg [14]; the schemesof [6] and [17, 8] for compact routing
on trees; and a new randomized block assignmen of ranges
of addresses.

We remark that our algorithms can be easily modi ed
to determine the results of a \handshaking scheme" in the
senseof [17]. For example, if there is a whole stream of
packets from a single origin headed for the same destina-
tion, oncerouting information is learned and the rst packet
is sert, an acknowledgmert packet can be sent back with
topology-dependent addressinformation sothat subsequen
packets can be sert to the destination without the overhead
in stretch incurred due to the name-independert model,
which arisespartly from the needto perform lookups.

Stretch 5 and 7 schemeswith dierent resource require-
ments are preserted in Section 2. In Sections 3 and 4, we
generalize the ideasin our stretch 5 and 7 constructions to
two separate schemesthat produce dierent stretch/space
tradeo s parameterized by an integer k. The schemein Sec-
tion 3 usesspace O(kn*™*) and achieves stretch bounded
by 1+ (2k 1)(2X 2). It achievesour best stretch/space
tradeo for 3 k 8 (For k = 2 usethe stretch 5 scheme
of Section 2; for k 9, usethe scheme in Section 4). The
schemein Section 4 usesspaceO(k?n2) for graphsin which
the edge weights are polynomial in n, and has a stretch
bound of 16k® + 4k. Combining the two bounds together
yields the result givenin the abstract, which improveson the
best previously known stretch bounds for all integersk > 1
in the name-independent model. (The previous Awerbuch-
Peleg scheme [3] usesspace O(k2n?7*) and achieves stretch
bounded by 64k? + 16k for graphs whose edge weights are
polynomial in n.)

1.2 Remarksonthe Model

Before we gointo the details of the constructions, we make
a few remarks about the model. We assumethe nodesare la-

1g, but seeSection 5 for how to extend this to a more ar-
bitrary set of distributiv ely self-chosen node names. Each
node v is also assumedto have a uniqgue name from the set

names are assumedto be assigned locally with no global
consistency The model in which the namesof the port num-
bers are chosenby the routing algorithm (based on network
topology) is called the designer-port model [8]. When the
names of the port numbers are arbitrarily assignedby the
network, the model is called the xed-p ort model [8]. All of
the results in this paper assumethe more di cult  xed-p ort
model.

Second, we point out that all our schemesin the name-
independert model usewritable packet headers;packets that
aretold only atopology-independert namemay, in the course
of their route, discover and then store topology-dependert



routing information (of length at most O(log n), or O(log? n))
to route to their destination. This is in contrast to some of
the topology-dependert routing schemes, where the xed-
topology information can be \hardwired in" asthe address
of the packet, and need never be changed.

2. NAME-INDEPENDENT ROUTING WITH
STRETCH 5AND 7

We make use of the following two results in the topology-
dependert model:

Lemma 2.1. [6] There is a routing schemefor any tree T
such that given any pair of nodesu and v in T, the scheme
routes along the optimal path of length d(u;v) in the xed
port model. The storage costs are O(" n) per node in the
tree, and the addresssizeis O(log n).

Lemma 2.2. [17, 8]* There is a routing schemefor any
tree T such that given any pair of nodesu and v in T, the
schemeroutes along the optimal path of length d(u; v) in the
xed port model. The storage costs are O(1) per node in the
tree, and the addresssize is O(log? n).

2.1 Single-SouceNamelndependentCompact
Routing

Let T be a (weighted) rooted n-node tree with root r,
1g according to some
arbitrary permutation P (T could be a shortest path tree in
a general graph, IL;or single-sourcerouting). For simplicity,
we assumethat = n is an integer. As a warm-up, we rst

prove the following.

Lemma 2.3. Given atree T with a weight function w de-
ned on its edges, there exists a name-independent routing
schemethat

1. Stores at most O(p n) information at each node.

2. Rememlers at most O(log n) bits of state information
in the packet header.

3. Routes a packet from the root r to the node P has
1g) along a path of
length at most 3d(r;j).

Pr oof. Let r denote the root of T. For each i and j, let
e;j denote the port name of the rst edgealong thde shortest
path from i to j. Denote by N (i) the set of the =~ n closest
nodesto i in T, including i and breaking ties lexicographi-
cally by node name. Furthermore, dividepthe spaceof node
labels f0;:::;n 1g into blocks of si? n, so that block
B, consists of the addresseﬁfr_om 0::: E_ 1 and block B;

onsists of the node labelsi” nto (i+ 1) n 1 (recall that

n is assumedto be an integer). Let CR(x) denote the
address label that a node x would be assigned under the
tree-routing scheme of Lemma 2.1 and CT ab(x) denote the
corresponding routing table stored by node x.

nodesin N (r), ordered by distance from the root r, with ties
broken lexicographically. The following is stored at ead
nodei in T.

2The dierences in the [17] and [8] papers are hidden here

in the O(1) notation. Seetheir papers for an extensive dis-
cussionof the di eren t constants and log logn factors in the
various models.

(r;er ), for the root noder.

Ifi 2 N(r), theni = v (, for someunique index t. For
eadh j 2 By, (j; CR(j)) is stored. Call this the block
table.

CTal(i)

In addition, the following extra information is stored at
the root node r.

For each node x in N(r), (x; CR(x)) is stored. Call
this the root table.

For0 k< P n, the pair (k;v () is stored. Call this
the dictionary table.

Now supposea packet destined for j arrivesat r. If (j; CR(j))
is in the root table, the packet writes CR(j) into its header
and routes optimally to j with stretch 1 using the informa-
tion in the CTab(x) tables. Otherwise, let t be the index
such that j is in By, and look up (t;v ()) in the dictio-
nary table, followed by (v (1); CR(V (1)) in the root table
and write CR(v (1)) into the packet header (where we note
that there is guaranteed to be an ertry for v ( in the root
table becausev ) 2 N(r)). We route optimally to v (),
look up (j; CR(j)) in its block table, write CR(j) into the
packet header, and route optimally back to the root using
the (r; ex ) entries found at intermediate nodesx. Then we
route optimally from the root to j using CR(j) and the in-
formation Btored in the CT ab(x) tables. Sincev () isamong
r'sclosest” n nodesandj isnot; wehaved(r;v () d(r;j)
and thus the total route length is  3d(r;j).

CTabE?() is of size O(" n) by Lemma 2.1; Since there are
sx_actly n nodesin N (i) for every n, every block table has

n entries, ead of size O(log n) bits. The &dditional infor-
mation stored at the root consists of two =~ n-entry tables,
eadc with O(log n)-biE) entries. The rlyaximum spacerequire-
ment is therefore O(" nlogn) = O( n) at every node. [

Note that if we substitute a name-dependert tree-routing
scheme that satis es Lemma 2.2 for the one in Lemma 2.1
in the construction above, we get the same stretch bounds,
but the packet header size increasesto O(log? n).

2.2 General Networks

Given an undirected (weighted) network G, we determine
for each node u, a neightorhood ball N (u) of the n**? nodes
closestto u, including u and breaking ties lexicographically
by node name. Next we de ne a hitting set L of landmarks,
such that for every node v, N (v) contains a nodein L. The
following well-known result appearsin [13]:

Lemma 2.4. Let G = (V;E) be an undirected graph of
n nodes and m edges. Let N (v) denote the set of v's n1™2
closest neighlors (with ties broken lexicographically by node
name). ThereexistsasetL V suchthatjLj= O(n'*2logn)
and 8v 2 V;L N(v) 6 ;. A greedy algorithm exists that
computes L in O(m + n®%2) time.

sopthat block B consists of the node labelsi™ n to (i +
1)" n 1. A particular set of blocks will be assignedto eac
node (seebelow). Let S; denote the set of blocks assigned
to node i.



Let T, denote a single source shortest path tree rooted at
| that spansall the nodesof the network. Also, partition the
nodesof G into setsH, according to their closestlandmarks,
sothat H, = fvjv's closestlandmark is Ig. Let T{(H) bea
single source shortest path tree rooted at | spanning just the
nodesof H,. Let |, denote u's closestlandmark in L.

In what follows, we presert three compact routing schemes
A, B, and C in the topology-independert model. Scheme
A usesO(n=?)-sized routing tables, O(log? n)-sized routing
headers,while achieving a stretch bound of 5, SchemeB uses
O(n=?)-sized routing tables, O(log n)-sized routing headers,
while achieving a stretch bound of 7, and Scheme C uses
O(n%®)-sized routing tables, O(log n)-sized routing headers,
while achieving a stretch bound of 5.

For SchemesA and B, the set L is any set of landmarks
that satisfy the requirements of Lemma 2.4. For Scheme
C, let L be exactly the O(n?=®)-size set of landmarks con-
structed by the top ology-dependert stretch 3 routing scheme
of [6]. Also let LT ab(x) and LR (x) denote the correspond-
ing storage table and address for node x that the scheme
of [6] constructs. Similarly let Tab(x) and R(x) refer to
the storage table and address, respectively of node x un-
der a tree-routing scheme that satis es the requirements of
Lemma 2.2. Recall that CTab(x) and CR(x) refer to the
sameparameters in a schemethat satis es the requirements
of Lemma 2.1.

All three schemesutilize the setsof blocks S, whoseprop-
erties are described by the following Lemma, which is a spe-
cial caseof Lemma 3.1. The latter is proved in Section 3.

Lemma 2.5. Let G be agraph on n nodes, and let N (v)
denotethe setof v's closest’ n neightors (including v itself)
with ties broken lexicographically by node name. Let fB;jO
i < " ng denote a set of blocks. There exists an assignment
of sets Sy of blocks to nodesv, so that

8v 2 G; 8B; (0
N (v) with B; 2 S

8v 2 G, jSyj = O(logn)

2.2.1 Storage
Each node u stores the following:

i < pﬁ), there exists a node j 2

1. For every node v in N (u), (V;ew).
2. For every node | 2 L, (I;ey).

3. Foreveryi,0 i< P n, (i; t), wheret 2 N (u) satis es
Bi 2 St (such a node t exists by our construction of
Su in Lemma 2.5)

4. Scheme A For every block B¢ in Sy, and for each
node j in By, the triple (j; Ig;R(j)), wherely is
a landmark that minimizes, over all landmarks in
L, the quantity d(u;lg) + d(lg;j), and R(j) is the
tree-routing addressj in the tree T, .
Schemes B and C Forevery nodej in By, where By
is ablock in Sy, the name of the closestlandmark
lj to j, and the tree-routing addressCR(j) for j
in the tree T, (H).

5. Scheme A For every landmark | 2 L, u stores the
routing table Tab(u) for the tree T;.

Scheme B If I, is u's closestlandmark, then u stores
its routing table CTab(u) for the tree T, .

Scheme C The routing table LT ab(u) plus for every
node v 2 N (u), LR (v).

We claim that ead one of these ertries takes O(n'=?)
space, except in Scheme C, where E)Z) and (5) eact take
O(n%?) space. Since N (u) is of size" n, it is clear that (1)
takes O(' n) space. Since the spaceof (2) is pr%portional
to the number of landmarks, clearly (2) takesO(" n) space
for the setL in SchemesA and B; and takes O(n?=%) space
for the set L in Scheme C; (33 takes O(1) space for each
of ~ n blocks, for a total of O(" n) space. (4) takesO(' n)
spaceper block times the number of blocks that are stored
at a node (in all threﬁ s_memes)becausewe are storing O(1)
information for the = n nodesin ead block. So (4) takes

n spacetimes the number of blocks in Sy, which is O(1)
by Lemma 2.5. (5) takes O(" n) spacein Scheme A be-
causethere the numbebof trees is equal to the number of
landmarks, which is OE) n), and u stores O(1) information
per tree. (5) takes O(" n) spacein Scheme B becausethe
trees T, partition the nodes and ead nocbe participates in
only one tree, for which it storesup to O(" n) information.
Finally, in Scheme C, (5) consists of O(n?~%)-size tables by
construction.

2.2.2 RoutingAlgorithmsand Stretch Analyses

We presert the three routing algorithms with stretch 5
and 7 here, together with their stretch analyses.
Scheme A. Consider two casesfor the location of the des-
tination node w relativ e to the source node u.

1. w2 N(u) L : Then the entry (w;ew) is stored at
every node v on the shortest path from u to w and we
route directly to w with a stretch of 1.

2. w62N(u) L: On failing to nd (w;ew ) stored at u,
it must be that w 62N (u) L. Compute the index i
for which w 2 B, and look up the nodet 2 N (u) that
storesertries for all nodesin B;. Next, route optimally
to the nodet using (t; ex ) information at intermediate
nodes x. At nodet, we look up lg, route optimally to
lg, following the (l4;eyvi,) entries in the routing tables
in nodesv on the shortest path from t to |y, and then
optimally from Ig to w, using the addressinformation
of R(T,;w) and the tree routing tables T ab(x) stored
for the tree routed at Ig at all nodesin G.

Lemma 2.6. The stretch of SchemeA is bounded by 5.

Proof. Ifw2 N(u) L, weroute optimally with stretch
1. Otherwise, the route taken is of length d(u;t) + d(t; Ig) +
d(lg;w). We have d(u;t) + d(t; Ig) + d(lg; w) d(u;t) +
d(t; ly) + d(lu;w), becauselg was chosento minimize pre-
cisely the quantit y d(t; 1)+ d(I; w) forall | 2 L. Now d(t; I,)
d(t; u) + d(u;ly) by the triangle inequality, and similarly
d(lu;w)  d(ly;u)+d(u;w). Sincet 2 N (u) by construction,
w 62N (u) implies d(u;t)  d(u; w). Similarly, L being a hit-
ting setfor N (u) implies |y, 2 N (u), thusd(u;ly)  d(u;w).
Thus the route taken is of length ~ 2d(u;t) + 2d(u;ly) +
d(u;w)  5d(u;w). O

Scheme B. Again, consider two possible caseson the loca-
tion of the destination node w relative to the source node
u.



1. w2 N(u) L : Then the entry (w;eyw) is stored at
every node v on the shortest path from u to w and we
route directly to w with a stretch of 1.

2. w 62N (u) L: On failing to nd (w;eu ) Stored at
u, it must be that w 62N (u) L. Compute the index
i for which w 2 Bj, and let t 2 N(u) be the node
that stores ertries for all nodesin B;. Use the entries
(t; ex ) at intermediate nodes x to route optimally to
the node t. At node t, we look up |y, route optimally
to lw, following the (lw; ey, ) entries in the routing ta-
blesin nodesv on the shortest path from t to Iy, and
then optimally from I, to w, using the addressinfor-
mation of CR(T,, ;w) coupled with the tree routing
tables CTab(x) stored for all nodesx that chosely as
their closestlandmark.

Lemma 2.7. The stretch of SchemeB is bounded by 7.

Proof. If w 2 N(u) L, we route optimally with a
stretch of 1. Otherwise, the route taken by the algorithm
is of length d(u;t) + d(t; lw) + d(lw;w). Now d(t; lw)
d(t; w) + d(w;lw)  d(t; u) + d(u; w) + d(w; lw), by repeated
applications of the triangle inequality, sothe route taken by
the algorithm is of length  2d(u;t) + d(u; w) + 2d(lw; w).
But d(u;t) d(u;w) becauset 2 N (u) and w is not. Also,
d(lw; w) d(ly;w), sincely is w's closest landmark. So
d(lw;w)  d(w;ly)  d(w;u) + d(u;ly)  2d(u;w), where
the second inequality follows from the triangle inequality
and the third from the fact that 1, 2 N (u) (sinceL is a hit-
ting set), while w is not. So 2d(u;t) + d(u;w) + 2d(lw; w)
7d(u; w) proving the result. [

Scheme C. If u has stored an entry for w that givesw's
addressLR (w), we use Cowen's compact routing scheme to
route directly to w, with stretch bounded by 3. So suppose
u has no address LR (w) stored for w in its local table. It
must bethat w 62N (u) L. Compute the index i for which
w 2 Bij.

If u2 L, look up the nodet 2 N (u) that storesentries
for all nodesin B;, use(t; ex ) to route optimally to t.
At t, write LR (w) into the packet header, and then use
the landmark pointers in the routing tables to route
optimally back from t to u. Then, use LR (w) and
Cowen's compact routing scheme (see[6]) to route to
w with stretch bounded by 3. The cost of the roundtrip

to t and back is lessthan 2d(u; w), becauset 2 N (u)
and w 62N (u) implies d(u;t) < d(u;w) so the total

stretch is bounded by 5.

If u62L, by Cowen's construction, if u has no address
LR (w) stored for w in its local table, it must be that
d(lw;w) < d(u;w). In this case,we look up (t; ex)
to route optimally to the nodet 2 N (u) that stores
entries for all nodesin B;. We determine the identity
of lw, and the address of w in the tree routed at |y
from t's entry for w in its local table. Then we route
optimally from t to |y, and then from |, to w.

Lemma 2.8. The stretch of SchemeC is boundad by 5.

Pr oof. It remainsto analyzethe casewhenw 62N (u) L
and u 62L. Then, asremarked above, the absenceof an en-
try for w in Cowen's schemeimplies d(lw;w) d(u;w), and
the route taken is of length d(u;t) + d(t; lw) + d(lw; w). Now

d(t; lw)  d(t u)+ d(u;lw), and d(u; lw)  d(u; w) + d(w; Iw)
Sothe route is of length  2d(u;t) + d(u;w) + 2d(w; lw)
5d(u; w), sincew 62N (u) and t 2 N (u) implies d(u;t)
d(u;w). O

3. A GENERALIZED ROUTING SCHEME
FOR O(n**) SPACE

3.1 Preliminaries

1g, we assumefor
is an integer, and de ne the alphabet

1g. Foreah 0 i k, ' isthe set
of words over  of length i. Let hui 2 ¥ be the base
n'=* represeration of u, padded with leading zerossoit is
of length exactly k. For eah 0 i k, we also de ne

simplicity that n™

= f0;:::;n

functions ': ¥ 1 ' suchthat '((ao;:ii;ax 1)) =
(ao;:::;a 1). That is, ' extracts the pre x of length i
from a string 2

Foreah 2 X ! deneasetB =fu2Vj X Y(hi)=
g. Wewill call thesesetsblocks Clearly 8 2 ¢ %;jB j =
1=k We abuse notation slightly by dening (B ) =
"( 0), where 0Oisthe word in ¥ obtained by appending a
0to . Note that by this de nition, * (B )=  *(hui)
wheneveru 2 B . _

For every node u, we de ne the neighborhoods N'(u) as
the set of N nodes closestto u including u itself, break-
ing ties lexicographically by node name. We rst prove the
following:

n

Lemma 3.1. Given a graph G, there exists an assignment
of sets of blocks S, to nodesv, so that

8v2G;80 i<Kk; 8 2 i,thereexistsanode
w2 N'(v) with B 2 S, suchthat '(B )=

8v 2 G, jSyj = O(log n)

Pr oof. The proof is by the probabilistic method. Let n
be the number of nodes in the graph G. Consider a ran-
dom assignmer of blocks, constructed as follows: in ead of
f (n; k) rounds, a block is assignedto each node uniformly
at random. The function f (n; k) will be de ned at the end
of this proof to ensurethe result. '

Note that for every i, j 'j = jN'(u)j = n™*. Let Xiu
be the event that in the r™ round of random block assign-
ments, N'(u) doesnot contain a node w such that S, con-
tains a block B for which '(B )= .

Then our result holds if we can show that

(k) y. .

0 i<k u2v 2 0 =1 Xi; 6 ;

Clearly for xed i,u, andr,
|,.li:k

PriXiu »]= 1 nlék e’

Therefore for i, u and , we have
Pr :iz;k ) X iu; e f (I"I;k )
It follows that for xed i and u,
Pr o i frig;k)xi;u; T n~e f(n;k)Q
and for xed i,
Pr uz2v 2 i IiTk ) Xi; ntt =k g f(nk)
r]2(_.} f (nik ):



Clearly

Pro o i« uzv 21 iiTk)Xi:u: i knZe (M)

and our result holds if kn2e f(™®) < 1. We ensure this
by choosing € (™) = 2kn?, which requires that f (n; k) =
In2+ Ink+ 2Inn = O(logn). O

Note that the proof of the lemma also yields a simple ran-
domized procedure for generating the desired assignmens
of sets of blocks to nodes. Lemma 2.5, usedin Section 2, is
a special caseof the preceding lemma, given by k = 2.

3.2 Storage

A componernt of the algorithm is the name-dependent
routing algorithm of Thorup and Zwick which usesO(n*™)
spaceper node, O(log? n)-sized headersand which delivers
messageswith stretch 2k 1 [16]. We note that this is the
version of their algorithm which requires handshaking, but
our scheme stores the precomputed handshake information
with the destination address. Let TZR(u; v) denote the ad-
dressrequired for routing from u to v, (including the extra
O(log? n) bits Thorup and Zwick determine from u and v as
aresult of the handshaking proto col), and TZ T ab(u) denote
the routing table their algorithm stores at node u.

Let fS,ju 2 Vg bea collection of setsof blocks that satis-
es Lemma 3.1. For each nodeu, letS2 = S, fB g, where
u2 B (that is, each node always stores the block its own
addressbelongsto). Each node u stores the following:

1. TZTab(u)

2. For every v 2 N'(u), the pair (v;ew), where e, is
the rst edgeon a shortest path from u to v.

3. The set S? of O(log n) blocks B , and for each block
B 2 S?, the following:

(@ Forevery0 i<k 1,andforevery 2 , let
v be the nearest node containing a block B such
that (B )= '(B ) andthe (i + 1) symbol of

K 1(B )is . If i = 0 we store the node name
v, elsewe store the routing addressTZR(u; V).

(b) Corresponding to i = k 1, for every 2 ,
we store the routing address TZR(u;v), where
hvi = . Note that consistertly with the previ-
ous bullet, the node v satises X (B )= =

K 1(twi) and the k™ symbol of X(hvi) is

Lemma 3.2. The storage requirement of our algorithm is
o(n*™) for xed constant k.

Pr oof. We need O(n*™) spacefor (1). SincejN*(u)j=
n' for all u, it is clear that (2) usesO(n'™) space. For
(3) we note that jS2j = O(log n) blocks. For eac block, we
store kn'™ values TZR(u;v), where the size of TZR(u; V)
in bits is O(1). Therefore the space requirement for (3)
is O(kn*™). The total of all these space requirements is
O(n*™*) for xed constant k. [

3.3 Routing Algorithm

We denote by Hop(u;v) the Thorup Zwick route from
a node u that stores the routing information TZR(u; V),
to the node v. For source node s and destination node t,

our algorithm routes a packet through a sequenceof nodes

vi+1 in this sequencethat are distinct (except for vo and
v1), the transition betweenthem is made through the path

property that ead v; (except vi) contains a block B ; for
which (B ;) = '(hi). The casewhen vi = vi.1 occurs
when node v; coincidentally contains a block that matches
the destination in at leasti + 1 digits.

Figure 2 diagrams an example sequenceof nodesv;, and
it is followed by the pseudocode for the algorithm.

vz 2 N2(vq)

- - <

vi 2 N1(s
1 (),7 \
'

1

S = Vo , N 1
’ ’ /// \\\ \\\ -
%
, N N
S l) vz 2 N3(vy)
’ /// '\-~ — s \\ \
t=1482= v4 2 N*(vg)

Shared —={Prefix : [ o[ v ... ] 9|
[ Prefix 1: [ 10 [ 11 [ ... ] 19 |
B'ﬁgK [ Prefix 14: [ 140 [ 141 | ... [ 149 |
[ Prefix 146: [ 1460 [ 1461 | ... [1469]

Figure 2: A schematic of how the prex-matc hing al-
gorithm  of Theorem 3.7 works. The gure only includes
the sequence of nodes where the distributed dictionary

is read { the other nodes in the path are not shown. For
illustration purp oses each node contains only 3 blo cks,
and the contents of each blo ck are illustrated in the mag-
nied table. Asterisks stand for arbitrary digits in blo ck
lab els. Notice that the blo cks that are actually consulted

(shown lab eled) have prexes that increasingly matc h
the destination  1482.
Algorithm 3.3.
if (t 2 N(s)):
route to t using shortest path pointers ey .
else:
i 0
while (i 6 k):
i+l (h:l)
if (i+1 < k):
vian  closestv 2 N'** (v;) such that
9B 2S,; "B )=
else:
Vi t
if (Vi 6 Visp):
if (i=0):
route to vy by shortest path pointers ey,
else: (i 1)

route to vi+1 along Hop(Vvi;Vi+1 )
using TZR(Vi; Vi+1 )
i i+l



Lemma 3.4. Algorithm 3.3 always delivers a given packet
suacessfuly from a source node s to a destination t.

Pr oof. At ead v; we have su cien t routing information
to route to nodevi+1 and delivery to node v+, is guaranteed
by the Thorup Zwick algorithm. The algorithm terminates
on nding t, becausein the worst casewe have stored infor-
mation for routing to a node v in NX(vx 1) = V such that

K(hvi) = ¥ (i), and the latter condition impliesv=t. [

We note that the idea of matching increasing pre xes of
node namesappearsin the parallel algorithms literature for
multidimensional array routing (see[12]); it has also been
cleverly used in recert schemes proposedin context of lo-
cating replicated objects in peer-to-peer systems[18, 11, 15,
10].

3.4 Stretch Analysis

In this section we complete the analysis of Algorithm 3.3
by analyzing the stretch.

k 1, d(vi;viaa)  2'd(s;t).

Pr oof. Recall that v; is the rst node that is found to
match i prex of the destination t by the routing algo-
rithm, asdened above. Foreadi 0 i Kk, let v; bethe
closest node to node s such that '(hv;i) = '(hi). The
proof is by induction.

For the basis case,we note that based on the algorithm
d(s;vi) = d(vo;vi)  2°d(s;t), sincet itself is a candidate
to bevi. If d(s;t) < d(s;v1), then t would have been cho-
sento be node vi, becauset contains a block B such that

Y(B )= (Hi).

The inductiv e hypothesis is that for all i such that 0
i r 1<k 1,wehaved(vi;vi1) 2'd(s;t). Webound
d(vr;vr+1 ) as follows:

Lemma 3.5. For 0 i

d(vr;Vrs1) d(Vr; Vi) (1)
d(vr;s) + d(s;Vis) 2
d(s;t) + d(vr;s) 3
d(s;t) + d(s;vr) 4)
disit)+ [ d(viiviea) (5)
dis;t) 1+ [ t'2 (6)
2" d(s;t)

(1) follows by de nition of v;+1 and v,,; and (2) follows
since d(vr;V,+1 ) is a shortest distance. We obtain (3) by
commutativit y, and since t is a candidate to be the node
V.1 . By symmetry we get (4), and (5) follows sinced(s;v,)
is a shortest distance. Finally (6) is obtained by applying
the inductiv e hypothesis, and the result follows. [

In this context let p%(s;t) be the path obtained by rout-
ing from s to t, using a shortest path between eac pair of
distinct v; and v+ .

Cor ollar y 3.6. For all s;t, ps;t) (2"

ik:Ol d(Vi; Vie1)

1)d(s;t).
Proof. pYs;t) = ot 2d(sit)
@ Dd(s:t). O

Theorem 3.7. For xed constant k 2, Algorithm 3.3
usesspace O(n*™), and delivers packetscorrectly with stretch
1+ (2k 1E* 2).

Pr oof. The spacebound and termination are established
in Lemma 3.2 and Lemma 3.4 respectively.

While routing from s = vp to v1, we do not usethe name-
dependert algorithm, since we have shortest path pointers
within ead ball of size n'* sothe stretch for that segmer
is 1. The stretch for the remaining segmerts, basedon the
previous corollary, is (2¥ 2), times the stretch factor of
2k 1 from the Thorup-Zwic k name-dependert scheme. [

We note that for the special casewhen k = 2, our earlier
specialized algorithm with a stretch of 5 is better than the
generalized algorithm of this section, which has stretch 7
when k = 2.

4. A GENERALIZED ROUTING SCHEME
WITH A POLYNOMIAL TRADEOFF

In this section we presert a universal name-independert
compact routing scheme that, for every k 2, usesspace
O(k?nf logn) and achieves a stretch of 16k? + 4k, with
O(log? n)-bit headers, on any undirected graph with edge
weights whose size is polynomial in n. The schemeis very
similar to Awerbuch and Peleg's scheme [3]. Like [3], we
use an underlying topology-dependert routing scheme with
low stretch and build on top of that a dictionary to retrieve
topology-dependent information. Our dictionary is basedon
the pre x matching idea of Section 3.

4.1 Preliminaries

Givenan undirected network G = (V; E) with n nodesand
polynomial-sized edgeweights; we de ne K™ (v) asthe set of
nodesin V that are within distancem from v 2 V; Diam (G)
is the maximum distance between any pair of nodesin G;
Rad(v; G) is the maximum distance betweenany node in G
and v; Rad(G) is min f Rad(v; G)jv 2 Vg; and Center (G) is
any vertex v 2 V such that Rad(v;G) = Rad(G).

We use the same hierarchy of covers asin [3]. For every

(1) there exists a cluster in the cover that includes K2 (v)

for every v 2 V, (2) every vertex is in no more than kni
clusters and (3) the diameter of a shortest path tree rooted
at the center of such a cluster is at most (4k + 1)2'; call such

node v in the network choosesa cluster C; that contains
N2 (v). Following [3]'s terminology, we refer to that cluster
asVv's home cluster at level i.

We use a name-dependert tree routing scheme that sat-
ises Lemma 2.2 to route within clusters in the covers. Let
Tab(Tc; x) denote the local storage table for x in the short-
est path tree Tc rooted at the certer of cluster C, and
R(Tc;x) denote x's topology dependert address for that
tree.

4.2 Storage
Let and the setof functions bede ned asin Section 3.
For every level i = 1;:::;dog(Diam (G))e, every vertex u

stores the following:
1. An identier for u's home cluster at level i.

2. For every cluster C; in the i-th level cover that vertex
u is in, u stores:

(a) Tab(Tc,;u)



(b) Forevery 2 (notice there arenk choices)and
for everyj 2 f0;:::;k 1g(k choices), R(Tc;;V),
wherev 2 C; is the nearestnode such that ' (hui)
= J(hvi) and the (j + 1)** symbol of hvi is , if
such a node v exists. It also stores the certer of
Ci (the root of the tree T¢, spanning C;).

The total storagerequirement for any nodein the graph, is
dog(Diam (G))e (poly-log(n)+kn% (poly-log(n)+ knt)),
where dog(Diam (G)) e accourts for all the levelsin the hi-
erarchy, kn¥ accourts for the maximum number of clusters

a vertex appears in, (poly-log(n) + kn%) is the combined
storage requirement of every node within a single cluster,

and the term kn accourts for the tree routing addressesof
pre x-matc hing closestnodes. Notice also that poly-log(n)
bits are su cien t to identify a cluster in a given level since
there are at most kn'* ¥ such clusters. The total is therefore
O(kznk; log(Diam (G))). Note that the assumption above
that weights on edgesare polynomial-sized, is necessaryfor

dog(Diam (G))e to be O(log n).
4.3 Routing Algorithm

To route from u to v we do the following. For increasing
valuesof i = 1 up to diog(Diam (G))e, u attempts to route
to v in cluster Ci, where C; is the home cluster of u at
level i, until the destination is reached. Notice that success
is guaranteed becausein level i = dog(Diam (G)) e clusters
span the entire network.

To route a messagefrom u to v within cluster C; we go
through a seriesof nodesin Ci. The messagealways carries
the tree routing label of the origin u and an identier of
the current cluster C;. From any intermediate node, say
w, in this series(u is the rst such node), it is routed to a
node in C; that matches the largest pre x of the name of
the destination v. If no such node exists in C;, then the
messageis returned to u by using the tree routing label of u
(this is when failure to deliver is detected). Otherwise, the
messagereaches the destination after at most k suc trips.
Notice that while node w might appearin dierent clusters,
we retriev e the information corresponding to the appropriate
cluster (in this caseC;); we can do this becausean identi er
for the current cluster C; is included in the message.

4.4 Stretch Analysis

Let the distance betweenu and v be d. There exists a
level i log(2d) such that u's home cluster C; contains v.
When routing within cluster C; there are at most k nodes
visited, and the distance between nodes is no more than
the diameter of Tc,. The total distance traveled within C;
is at most Diam (T¢;) k = (4k + 1)2'k = 2d(4k + 1)k,
that is 8k?d + 2kd. The total distance traveledin the whole
processis at most twice the distance in the last level visited,
hence the distance is 16k?d + 4kd. The stretch is therefore
16k? + 4k.

Thus we have proved the following theorem:

Theorem 4.1. For everyk 2, thereis a universal name-
independent compact routing schemethat usesO(kznk; logD)
space, and achievesstretch 16k? + 4k, where D is the diam-
eter of the network. 2

5. A REMARK ON NODE NAMES

We have thus far assumedthat the node namesform an
1g. We argue here that
this assumption can be made without lossof generality. Sup-
posewe have a set of n nodes, each having a unique name
from an arbitrary universeU. We usea hashfunction h that
1g, where p n is a prime.
The hash function is chosen such that (1) it can be com-
puted fast; (2) it requires small storage; and (3) the proba-
bilit y of collision is small. A natural candidate for this hash
function is from the classproposedby Carter and Wegman.
We draw a polynomial H from a class of integer polyno-
mials H of degree O(log n). For any node u, we rename u
to name(u) = H(int (u)) mod p, where int (u) is the integer
represertation in Z,. The following lemma, that directly
follows from [5], guarantees low collision probabilities.

Lemma 5.1 (Car ter and Wegman [5]). Let m 2 [p]
be an integer. For every collection of ° nodesu; throughu-,
we have

Pr [name(u1) = name(uz) = ::: = name(u:) = m]
By setting p = ( n), we ensure that the number of bits
in the new name is logn + O(1), and that the probabil-
ity of (log n) nodes mapping to the same name is inverse-
polynomial. Furthermore, the represenation of the hash
function H only requires storing O(log n) words of O(log n)
bits each at a node, amounting to O(log? n) bits at ead
node.

We now describe how the routing schemes proposed in
the paper can be modied to handle two consequencesof
the above hashing mechanism: (1) the node namesare cho-
senfrom [0; ( n)) rather than [O;n); and (2) there may be
(log n) collisions for a given name. We rst note that all
of our routing schemes easily adapt to the casewhere the
unique names are drawn from the integers in the interval
[0; ( n)). In the new schemes,there will be no routing ta-
ble entries containing namesfrom the interval [0; ( n)) that
do not exist. The adapted schemesyield the same respec-
tiv e stretch factors at the cost of a constant-factor increase
in space.

In order to accommadate the event that the hashednames
of two nodesare the same,a small modi cation to the rout-
ing tables suces. Suppose, in our original scheme with
unigue names, the table at a node contains an entry for a
node with name X, satisfying a property (e.g., lying within
a certain neighborhood). In the new scheme, the table will
contain an entry for all nodeswith hashedname X that sat-
isfy the property; the entries may be distinguished by also
storing the original names of the nodes, or by comparing
the result of applying another hash function (or a seriesof
hash functions, for increasing con dence) to the node names.
Speci cally, for SchemesA, B, and C, the Brimary change
Wi|b be that a block may have more than "~ n nodes (but
O(" n) with high probabilit y), thus increasing the spaceat
eadch node by at most a constant factor with high probabil-
ity. For the schemesof Section 3 and 4, the primary change
will be owing to the following: for a node u and a given
k-bit sequence , there may be multiple nodeswhose pre x
matchesthat of u in all but the last k bits and has in the
last k bits. Thus in step 3(b) of Section 3.2 and in the stor-
age algorithm of Section 4, the modied sceme will store



the hashed namesand the original name (for resolving con-
icts) of all such nodes, rather than the unique node under
the earlier uniguenessassumption. Note that the increase
in size of the namespaceand the collisions result in the in-
creasein storage of O(log n) per node with high probabilit y,
while maintaining the samestretch factor.

6. OPENPROBLEMS

What is the minimum achievable stretch for name inde-
pendent compact routing schemeswith sublinear storage at
every node? The remaining gap between the Gavoille and
Gengler lower bound of 3 [9] and this paper's upper bound
of 5 may be able to be narrowed.

Finally, while this paper takesan important step in pro-
ducing low-stretch schemesthat decouple node namesfrom
network topology, the next step is to study this problem on
fully dynamic networks, where routing tables must be up-
dated online as nodes and edgesarriv e and depart from the
network.
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