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Abstract

An (ordinary v ertex) coloring is a partition of the v ertices

of a graph in to indep enden t sets. The c hromatic n um b er

is the minim um n um b er of colors needed to pro duce suc h a

partition. This pap er considers a relaxation of coloring in

whic h the color classes partition the v ertices in to subgraphs

of degree at most d . d is called the defe ct of the coloring. A

graph whic h admits a v ertex coloring in to k color classes,

where eac h v ertex is adjacen t to at most d self-colored

neigh b ors is said to b e ( k ; d ) colorable.

W e consider defectiv e coloring on graphs of b ounded

degree, b ounded gen us, and b ounded c hromatic n um b er,

presen ting complexit y results and algorithms. F or b ounded

degree graphs, a classic result of Lo v� asz yields a ( k ; b � =k c )

coloring for graphs with E edges of maxim um degree � in

O (� E ) time.

F or graphs of b ounded gen us, (2 ; d ), for d > 0 and (3,1)-

coloring are pro v ed NP-Complete, ev en for planar graphs.

Results of [11] easily can b e transformed to (3 ; 2) color an y

planar graph in linear time. W e sho w that an y toroidal graph

is (3 ; 2)- and (5 ; 1)-colorable, and quadratic-time algorithms

are presen ted that �nd the colorings. F or higher surfaces, w e

giv e a linear time algorithm to (3 ;

p

12 
 + 6) color a graph

of gen us 
 > 2. It is also sho wn that an y graph of gen us


 is (

p

12 
 = ( d + 1) + 6 ; d ) colorable, and an O ( d

p


 E + V )

algorithm is presen ted that �nds the coloring. These b ounds

are within a constan t factor of what is required for the

maxim um clique em b eddable in the surface.

Reductions from ordinary v ertex coloring sho w that

( k ; d ) coloring is NP-complete, and there exists an � > 0

suc h that no p olynomial time algorithm can n

�

-appro ximate

the defectiv e c hromatic n um b er unless P = N P . Most

appro ximation algorithms to appro ximately color 3-colorable

graphs can b e extend to allo w defects. In particular, the

recen t Karger-Blum appro ximate coloring algorithm yields

a p olynomial time algorithm to

~

O (( n=d )

2 = 9

) ; d )-color an y 3-

colorable graph.
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1 In tro duction

A prop er (v ertex) coloring of a graph is an assignmen t of

colors to its v ertices suc h that no t w o adjacen t v ertices

receiv e the same color. Determining the c hromatic

n um b er of G , the minim um n um b er of colors needed to

prop erly color G , is NP-hard. It remains NP-hard ev en

to determine if a planar graph is 3-colorable [17 ]. Ev en

the relaxation of the problem to appro ximate coloring is

hard, in the sense that [25] using results of [3, 13 ] sho w ed

that there exists an � > 0 suc h that no p olynomial time

algorithm can n

�

-appro ximate the c hromatic n um b er

unless P = N P . (in [4 ] the v alue of � is impro v ed under

di�eren t hardness assumptions). In the sp ecial case of

3-colorable graphs, [22 ] sho w ed that it is not p ossible to

4-color a 3-colorable graph unless P = N P .

This pap er is concerned with relaxing the coloring

problem in an additional w a y , w e relax the requiremen t

that eac h color class b e an indep enden t set as follo ws:

Definition 1.1. A ( k ; d ) c oloring of a gr aph G , is

a c oloring of the vertic es of G with k c olors, such that

e ach vertex is adjac ent to at most d vertic es of the same

c olor.

F or the sc heduling problem where v ertices represen t

jobs (sa y users on a computer system), and edges

represen t con
icts (needing to access one or more of

the same �les), allo wing a defect means tolerating some

threshold of con
ict: eac h user ma y �nd the max

slo wdo wn incurred for retriev al of data with 2 con
icting

other users on the system acceptable, and with more

than 2 unacceptable.

1.1 Previous W ork. Defectiv e coloring w as in tro-

duced almost sim ultaneously b y Burr and Jacobson (see

[1]), Harary and Jones [19 ] and Co w en, Co w en and

W o o dall [11 ]. Surv eys of this and related colorings are

giv en in [15 ] and [33 ]. Co w en, Co w en and W o o dall [11 ]

fo cussed on graphs em b edded on surfaces and ga v e a

complete c haracterization of all k and d suc h that ev ery

planar graph is ( k ; d )-colorable. Namely , there do es not

exist a d suc h that ev ery planar graph is (1 ; d )- or (2 ; d )-

colorable; there exist planar graphs whic h are not (3 ; 1)-

colorable, but ev ery planar graph is (3 ; 2)-colorable. T o-

gether with the (4 ; 0)-coloring implied b y the 4-Color

Theorem, this solv es defectiv e c hromatic n um b er for the

1
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plane. More recen tly , P oh [28 ] and Go ddard [18 ] sho w ed

that an y planar graph has a sp ecial (3 ; 2)-coloring in

whic h eac h color class is a linear forest (no cycles),

though this can in fact b e read out of a more general

result of W o o dall [33 , Theorem 2.2].

F or general surfaces, it w as sho wn in [11 ] that for

eac h gen us g � 0, there exists a k = k ( g ) suc h that ev ery

graph on the surface of gen us g is (4 ; k )-colorable. This

w as impro v ed to (3 ; k )-colorable b y Arc hdeacon [2 ].

F or general graphs, a result of Lo v� asz from the

1960s [24 ], whic h has b een redisco v ered man y times

since (cf. [6 , 9, 23, 33 ]), pro vides a O (� E )-time algo-

rithm for defectiv e coloring graphs of maxim um degree

�.

Theorem 1.1. (Lo v

�

asz) F or any k , any gr aph of

maximum de gr e e � with E e dges c an b e ( k ; b � =k c ) -

c olor e d in time O (� E ) .

Pr o of. Start with an y k -coloring. Consider some

v ertex v with more than b � =k c of its neigh b ors self-

colored. Since in an y k -coloring of the v ertices of G ,

there is alw a ys one color class with at most b � =k c

mem b ers in the neigh b or set of v , w e can 
ip v 's color

to this color, thereb y decreasing the total n um b er of

mono c hromati c edges in the graph b y at least 1. Th us

w e are done in at most E steps. 2

The pap ers [1 , 15, 16] pro vide other b ounds on the

defectiv e c hromatic n um b er in terms of other parame-

ters and in terms of other defectiv e c hromatic n um b ers.

The complexit y of constructing defectiv e colorings

is less w ell-studied. Ho w ev er, R. Co w en [12 ] sho w ed

that (2 ; 1)-coloring is NP-Complete for general graphs.

W e also remark that the pro of that an y planar graph is

(3 ; 2)-colorable in [11 ] is constructiv e, and giv es a sim-

ple quadratic-time algorithm for (3 ; 2) coloring planar

graphs (just as the pro of of the 5-color theorem is con-

structiv e, and immedia tely implies an n

2

algorithm|

impro v ed b y [10 , 14, 26 , 32 ] to a linear-time algorithm).

1.2 This pap er. In this pap er, w e �rst extend the

results on the plane to the torus. First, w e sho w that

an y graph em b eddable on the torus is (3 ; 2)-colorable.

Then w e sho w that an y suc h graph is also (5 ; 1)-

colorable. In b oth cases, an algorithm for pro ducing the

coloring results, though in the (3 ; 2) case, the algorithm

dep ends on the recen t linear-time em b edding algorithm

for toroidal graphs b y Mohar [27 ], and in the (5 ; 1)-case,

it dep ends on the graph-minors algorithm of Rob ertson,

Sanders, Seymour, Thomas [29 ] for 4-coloring planar

graphs in quadratic time. The question of whether or

not ev ery toroidal graph is (4 ; 1)-colorable remains an

op en question.

Second, w e consider defectiv e colorings of graphs

on arbitrary surfaces. F or gen us 
 , let �

d

( 
 ) b e

the maxim um d -defect coloring n um b er of all graphs

em b eddable on the surface S




. W e sho w that �

d

( 
 ) �

�

0

( 
 ) = ( d + 1) + 4. Also, Arc hdeacon [2 ] sho w ed that

ev ery graph em b eddable on the surface S




is (3 ; 3 
 +

O (1))-colorable. W e sho w that this is impro v able

to (3 ; c

p


 )-colorable, whic h sho ws that the maxim um

defect needed for 3-colorabilit y is within a constan t

factor of that needed for the maxim um clique on that

surface. W e presen t a linear time algorithm that �nds

the (3 ; c

p


 )-coloring. (In this case, an em b edding is not

required.)

Hardness results are then presen ted. W e sho w,

p erhaps surprisingly , that determining if a graph is

(2 ; 1)-colorable is NP-complete for planar graphs, and

this generalizes to (2 ; d )-coloring for d � 1. W e sho w

that determining if a planar graph is (3 ; 1)-colorable is

also NP-Complete. And in general graphs w e sho w that

( k ; d )-coloring is NP-Complete for all k � 3, and all

d � 0, as exp ected.

These imp ossibilit y results for general graphs do

not, of course, rule out go o d algorithms for defectiv e

coloring of b ounded-degree graphs. The result of Lo v� asz

men tioned in the in tro duction implies, for example, that

an y cubic graph can b e (2 ; 1)-colored in linear time (this

is equiv alen t to the happy partition problem studied b y

Karlo� [21] for 3-regular graphs), and an y six-regular

graph can b e (3 ; 2) colored in linear time.

That result also allo ws generalizing appro ximation

algorithms for 3- and k -coloring to defects. In partic-

ular, a generalization of Wigderson's simple algorithm

giv es an O (� E ) time algorithm to ( d (

8 n

d

)

: 5

e ; d ) color,

and mo di�cation of the KMS algorithm yields a p oly-

nomial time algorithm to ( O ((

n

d

)

1 = 4

log(

n

d

)) ; d ) color

an y 3-colorable graph. These algorithms can b e com-

bined with algorithms that �nd large indep enden t sets

in high-degree 3-colorable graphs (as in the approac hes

of [5, 7, 8], to ac hiev e b etter b ounds: the �rst algo-

rithm in the v ery recen t Blum-Karger pap er for appro x-

imate 3-coloring uses

~

O (( n )

2 = 9

) colors, and w e ac hiev e

a

~

O (( n=d )

2 = 9

) ; d )-coloring.

Muc h b etter appro ximation ratios ma y b e di�cult

to obtain: in general graphs w e sho w that ( k ; d )-coloring

is NP-Complete for all constan t k � 3, and d � 0. A

simple reduction from prop er coloring and the result of

[25] sho ws that for an y constan t defect d , there exists

an " > 0 suc h that �

d

cannot b e appro ximated within

a factor of n

"

unless P = NP.

The pap er concludes with some op en problems.

2 Defectiv e coloring on the torus

Since ev ery planar graph em b eds on the torus there do es

not exist a d suc h that ev ery toroidal graph is (2 ; d )-

colorable. F or 3 colors w e need a result that is sligh tly
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stronger than, but whose pro of is strongly similar to the

pro ofs of, Theorem 5 in [11 ] and Theorem 1 in [18 ].

Theorem 2.1. Every planar gr aph c an b e (3 ; 2) -

c olor e d such that any two sp e ci�e d vertic es v

1

and v

2

r e c eive sp e ci�e d c olors and such that for i = 1 ; 2 v

i

has no neighb or with the same c olor (exc ept for p ossibly

v

3 � i

).

Pr o of. W e pro v e this b y induction on the n um b er

of v ertices. First case: v

1

and v

2

are adjacen t, and are

required to b e the same color. Then w e con tract them

to a single v ertex, c ho ose a second v ertex arbitrarily ,

and then use the induction h yp othesis to (3 ; 2)-color

the resultan t graph so that the v ertex v

1

v

2

is giv en the

sp eci�ed color. When w e uncon tract, v

1

and v

2

are

prop erly colored in the resulting (3 ; 2)-coloring except

for the edge v

1

v

2

, as required.

Second case: v

1

and v

2

are not adjacen t. W e ma y

assume G is a maximal planar graph. So there m ust

b e a cycle that separates v

1

and v

2

in G : let W b e

suc h a cycle of minim um length (so W is c hord-free).

Let G

1

( G

2

) consist of v

1

( v

2

) and all the other v ertices

and edges inside (outside) W . Let G

0

1

( G

0

2

) b e obtained

from G

1

( G

2

) b y con tracting W in to a single new v ertex

w . These are b oth planar graphs with few er v ertices

than G . No w b y induction, color G

0

1

( G

0

2

) with the

requisite sp eci�ed color for v

1

( v

2

) and w sp eci�ed to

get a color distinct from either the color sp eci�ed for

v

1

or v

2

(p ossible, since there are three colors), and

the v ertices v

1

, v

2

and w eac h without defect. W e no w

transfer these colors bac k to G , giving all the v ertices of

W the color assigned to w .

Third case: v

1

and v

2

are adjacen t and required to

b e di�eren t colors. Then w e insert a new v ertex on the

edge b et w een them, and without violating planarit y add

edges if necessary , to mak e G again a maximal planar

graph. W e then pro ceed as in the second case. 2

Theorem 2.2. Every tor oidal gr aph c an b e (3 ; 2) -

c olor e d. F urthermor e, the c oloring c an b e found in

quadr atic time.

Pr o of. Without loss of generalit y w e ma y assume

that G is a maxim al toroidal graph. Let C b e a minima l

noncon tractible cycle of G . Then cut do wn the middle of

C : split ev ery v ertex and ev ery edge of C in to t w o parts

yielding G

0

with t w o copies C

1

and C

2

of the cycle. F or

eac h edge linking a v ertex v in C to a v ertex w outside C

that edge remains linking w and one of the copies of v as

indicated. See Figure 1. A t the same time this cut turns

the torus in to a sphere with the graph G

0

em b edded on

the sphere suc h that C

1

and C

2

are the b oundaries of

regions.

F orm graph G

00

from G

0

b y con tracting C

1

and C

2

eac h to a single v ertex v

1

and v

2

. Since G

00

is planar, b y

Figure 1: Cutting along minim um noncon tractible cycle

C making C

1

and C

2

yields a planar graph; C

1

and C

2

are then con tracted to single v ertices.

the ab o v e theorem w e can 3-color the v ertices of G

00

suc h

that eac h color class has maxim um degree t w o, and v

1

and v

2

b oth receiv e color 1 while none of their neigh b ors

ha v e color 1 .

This yields immedia tely a coloring of G where all

the v ertices of C receiv e color 1 . This is the desired

(3 ; 2)-coloring.

This coloring can b e found in quadratic time. In

using Theorem 2.1 a total of at most a linear n um b er

of cycles are found and a suitable cycle can b e found in

linear time. On the torus a com binatorial em b edding

can b e found in linear time b y the w ork of Mohar [27 ].

One simple w a y to �nd a noncon tractible cycle is

to consider a breadth-�rst searc h tree and all the

elemen tary cycles that con tain one edge outside the tree.

One of these cycle m ust b e noncon tractible (as ev ery

cycle in the graph is a com bination of these elemen tary

cycles). There is a linear n um b er of cycles. T o test

whether a cycle is suitable, one ma y use the em b edding

of the original graph and then determine the gen us of

the em b eddings of the t w o subgraphs b y coun ting the

v ertices, edges and faces and using Euler's form ula. 2

W e turn next to colorings with defect 1.

Lemma 2.1. If H is planar and u and v ar e vertic es

of H , then H c an b e (5 ; 1) -c olor e d such that the induc e d

gr aph h N ( u ) [ N ( v ) � f u; v gi is 3 -c olor e d.

Pr o of. Find a maximal collection P of in ternally

disjoin t ( u; v )-paths of length 3. Construct H

0

b y , for

eac h path ua

i

b

i

v in P , con tracting the edge a

i

b

i

. The

resultan t graph H

0

is planar.

So b y the 4-color theorem, w e can 4-color the graph

H

0

. If w e uncon tract to get H w e ha v e a (4 ; 1)-

coloring of H , since all v ertices are prop erly colored,

sa v e those pairs of v ertices that w ere con tracted, whic h

are adjacen t with the same color and so ha v e defect 1.

If u and v receiv e the same color in this coloring, w e are

done.
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Otherwise, supp ose u receiv es color 1 and v receiv es

color 2 . Then an y common neigh b or is colored 3 or 4 .

In particular, all the in ternal v ertices of the paths in

P receiv e color 3 or 4 , and color classes 1 and 2 are

b oth indep enden t sets. No w re-color ev ery v ertex in

h N ( u ) [ N ( v ) � f u; v gi that has color 1 or 2 with a

new color, color 5 . T rivially h N ( u ) [ N ( v ) � f u; v gi is

3-colored.

T o pro v e the theorem w e need to sho w that the new

coloring is a (5 ; 1)-coloring. F or this it is su�cien t to

sho w that the v ertices with color 5 form an indep enden t

set. But supp ose that there are v ertices a and b whic h

are adjacen t and colored 5 . Then in the original coloring

of H they m ust ha v e had di�eren t colors. Sa y v ertex a

had color 2 and v ertex b had color 1 . Then v ertex a

cannot b e adjacen t to v ertex v and so m ust b e adjacen t

to v ertex u . Similarly , v ertex b m ust b e adjacen t to

v ertex v . This yields a path uabv of length 3 in H .

Since neither a nor b receiv ed color 3 or 4 , this is a path

in ternally disjoin t from the ones in P |a con tradiction.

2

Theorem 2.3. One c an (5 ; 1) -c olor any gr aph em-

b e dde d in the torus. F urthermor e, the c oloring c an b e

found in quadr atic time.

Pr o of. Let G b e em b edded in the torus. Then there

exists a minimal noncon tractible cycle C that is an

induced cycle. Construct a planar graph H b y cutting

along the edges of C , to form t w o copies of C , and

con tracting the t w o cycles to t w o single v ertices u and

v . By the ab o v e lemma w e can (5 ; 1)-color H so that

the neigh b ors of u and v are 3-colored. This translates

to a (5 ; 1)-coloring of G � C where the neigh b ors of C

are 3-colored. Since there are t w o colors whic h w e ma y

use for C , w e obtain the desired conclusion.

As in the previous theorem, �nding the minima l

non-con tractible cycle and reducing to a planar graph

is accomplished in quadratic time. The time to color the

resulting planar graph according to the previous lemma

is dominated b y the time to 4-color it, whic h is quadratic

b y the forbidden minors algorithm of Rob ertson, Sey-

mour, et. al. 2

Actually , w e obtain the conclusion with at least one

of the color classes b eing an indep enden t set. But w e

are unable to resolv e the follo wing question.

Question 2.1. Is every gr aph on the torus (4 ; 1) -

c olor able?

3 General genera

F or �xed n um b er of colors, namely 3, Arc hdeacon [2 ]

sho w ed that a graph is appro ximately (3 ; 3 
 )-colorable.

The next theorem sho ws that this can b e impro v ed to

(3 ; c

p


 )-colorable, and giv es a linear time algorithm

to �nd the coloring. This sho ws that the maxim um

defect needed for 3-colorabilit y is within a constan t

factor of that needed for the maxim um clique on that

surface. The results of this section follo w from coun ting

argumen ts and th us do not require an em b edding of the

graph. If the gen us 
 is unkno wn it can b e guessed and

increased if the guaran teed coloring w asn't found.

Lemma 3.1. L et t > 12 , and supp ose G is a gr aph

with minimum de gr e e at le ast 3 , the vertic es of G of

de gr e e less than t form an indep endent set, and G has

a 2 -c el l emb e dding on the surfac e of genus 
 . Then

the numb er of vertic es of de gr e e at le ast t is at most

24( 
 � 1) = ( t � 12) .

Pr o of. Let S denote the set of v ertices of degree less

than t and T the v ertices of degree at least t . No w, in

eac h region that is not a triangle add edges b et w een

v ertices of T . One w a y to do this is, if v

1

; : : : ; v

4

are

four consecutiv e v ertices on the b oundary of the region

with v

1

2 T , then if v

3

2 T then join v

1

and v

3

b y an

edge inside the region, otherwise join v

2

and v

4

, and

rep eat as necessary . The result is a triangulation of a

m ultigraph H whic h has minim um degree at least 3, and

in whic h the v ertices S of degree less than t still form an

indep enden t set. (Multiple edges can arise b et w een t w o

v ertices x and y with sev eral common neigh b ors, when

edges are added b et w een them in eac h region.)

Let � denote the n um b er of edges b et w een S and T ,

and � denote the n um b er of edges b et w een v ertices of T .

Let v

i

denote the n um b er of v ertices of degree i . Since

S is an indep enden t set, it follo ws that � =

P

i<t

iv

i

and � + 2 � =

P

i � t

iv

i

. Since the em b edding is a

triangulation, it also follo ws that � � 2 � . Hence

( t= 2 � 6) j T j = ( t= 2 � 6)

X

i � t

v

i

�

X

3 � i<t

(2 i � 6) v

i

+

X

i � t

( i= 2 � 6) v

i

=

X

i<t

( i � 6) v

i

+ � +

X

i � t

( i= 2 � 6) v

i

�

X

i<t

( i � 6) v

i

+ ( �= 2 + � ) +

X

i � t

( i= 2 � 6) v

i

=

X

i

( i � 6) v

i

= 12 
 � 12 ;

where the last equalit y is Euler's form ula for triangula-

tions. 2

Theorem 3.1. A gr aph of genus 
 , in O ( V + E )

time is (3 ; max (12 ;

p

12 
 + 6)) -c olor able.

Pr o of. Let t = max (12 ;

p

12 
 + 7). First pre-pro cess

the graph b y remo ving all v ertices of degree at most 2.
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Next, remo v e all edges e that join t w o v ertices of degree

less than t . Then the minim um degree is at least 3, and

the v ertices of degree less than t form an indep enden t

set S .

By the ab o v e lemma it follo ws that T = V ( G ) � S

has at most 24( 
 � 1) = ( t � 12) mem b ers. W e form

a 3-coloring b y making all the v ertices of S the �rst

color, and then half the mem b ers of T receiv e the second

color and half the third color. Replacing edges e that

w ere remo v ed only a�ects the defects at their endp oin ts,

whic h ha v e defect at most their degree. Finally , v ertices

of degree at most 2 can b e re-inserted and giv en a color

distinct from their neigh b ors. 2

Theorem 3.2. Ther e is an O ( d

p


 E + V ) algo-

rithm to (

p

12 
 = ( d + 1) + 6 ; d ) c olor gr aphs of genus


 .

Pr o of. Supp ose G of gen us 
 has n v ertices and q

edges. Set k =

p

12 
 = ( d + 1) + 6. Lab el the v ertices of

G v

1

; v

2

; : : : ; v

n

suc h that v

i

has the maxim um degree

�

i

in the graph G

i

= G � f v

1

; v

2

; : : : ; v

i � 1

g . (Note that

�

1

� �

2

� : : : � �

n

.)

Case 1: n � ( d + 1)

p

12 
 . If �

1

� ( k �

1)( d + 1), then color the graph with k colors b y Lo v� asz

(Theorem 1.1). (This can b e done in O (� E ) time,

where � is at most n � O ( d

p


 ) b y the same metho d as

in the pro of of Theorem 2.1). Otherwise, let j , ranging

from 0 to K � 2 b e the �rst index for whic h �

j ( d +1)+1

�

( k � j � 1)( d + 1) for 0 � j � k � 2. (W e pro v e suc h

a j exists b y con tradiction. �

1

� ( k � 1)( d + 1) and

�

j ( d +1)+1

� ( k � j � 1)( d + 1) for 0 � j � k � 2, implies

2 q =

n

X

i =1

�

i

� ( k � 1)( d + 1) +

k � 2

X

j =1

( k � j � 1)( d + 1)

2

� ( d + 1)

2

( k � 2)

2

(3.1)

But recall that in a graph of gen us 
 , q � 3 n + 6 
 ,

whic h is � 3( d + 1)

p

12 
 + 6 
 , b y our assumption for

case 1 on n .)

No w color v

i

: : : v

i ( d +1)

with color i for i = 1 : : : j .

Then the remainder of the graph can b e colored with

colors j + 1 : : : k , using Lo v� asz (Theorem 1.1). (This can

b e done in O (� E ) time where � is at most n � O ( d

p


 ),

b y the same metho d as in the pro of of Theorem 2.1).

Case 2: n > ( d + 1)

p

12 
 . Find a v ertex v of degree

at most (6 n + 12 
 ) =n < 6 +

p

12 
 = ( d + 1). So one can

remo v e v ertex v , color the graph G � v recursiv ely , and

then re-insert v ertex v and prop erly color it. 2

The ab o v e theorem sho ws that the n um b er of col-

ors needed is asymptotically only a few more than those

needed for the maxim um clique on that surface. Ho w-

ev er, while the theorems in this section are asymptot-

ically optimal as a function of the gen us, for v ery lo w

gen us, sa y 1 or 2, the colorings they pro duce ma y b e

somewhat unsatisfying. F or example, Theorem 4.2 will

pro duce a (3 ; 10) coloring of an y toroidal graph, whereas

w e ha v e already sho wn that an y toroidal graph can b e

(3 ; 2)-colored in quadratic time.

4 Hardness results

W e sho w in this section that determining whether or

not a graph is (2 ; d )-colorable is NP-complete ev en for

planar graphs. This extends a result of R. Co w en [12 ]

who sho w ed that (2 ; 1)-coloring is NP-complete in gen-

eral graphs. W e sho w that determining if a planar graph

is (3 ; 1)-colorable is also NP-Complete.

W e also sho w that determining whether a graph of

maxim um degree 4 is (2 ; 1)-colorable is NP-complete,

and in general so is determining whether a graph of

maxim um degree 2( d + 1) is (2 ; d )-colorable for d � 1.

Th us there is no simple c haracterization of graphs for

whic h equalit y holds in Theorem 1.1 and th us there is

no equiv alen t of Bro oks' theorem in general for defectiv e

colorings.

Not surprisingly , ( k ; d )-coloring is NP-Complete in

general graphs for all k � 3, and all d � 0. A simple

reduction from prop er coloring and the result of [25 ]

sho ws that for an y constan t defect k , there exists an

" > 0 suc h that �

d

cannot b e appro ximated within a

factor of n

"

unless P = NP .

4.1 Defectiv e coloring in the plane. It is easy

to (2 ; 0)-color an y (planar) graph in linear time if

suc h a coloring exists. Determining whether a planar

graph is 3-colorable is NP-complete. Since, as w as re-

mark ed in the in tro duction, the theorem in [11 ] pro-

vides a quadratic-time algorithm to (3 ; 2)-color an y pla-

nar graph, together with the results of this section, this

c haracterizes the complexit y of defectiv e coloring in the

plane.

1

Theorem 4.1. T o determine whether or not a

gr aph is (2 ; 1) -c olor able is NP-c omplete even for gr aphs

of maximum de gr e e 4 and for planar gr aphs.

Pr o of. W e �rst sho w that (2 ; 1)-colorabilit y is NP-

hard for graphs of maxim um degree 4 b y reduction from

3-SA T, and then use an idea similar to that used in

[30] to planarize the structure. W e will sho w that for

an y 3-CNF � , there exists a graph G

�

of maxim um

1

In theory , the 4-color theorem ga v e a p olynomial time al-

gorithm for 4-coloring planar graphs; this w as impro v ed to

quadratic time b y the new pro of of Rob ertson, Saunders, Sey-

mour, Thomas [29 ] (although the constan ts are terrible.)
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degree 4 constructible in p olynomial time suc h that � is

satis�able if and only if G

�

is (2 ; 1)-colorable.

W e de�ne a \regulator" as a gadget b et w een t w o

v ertices x and y whic h forces them to ha v e the same

color but they ha v e no defect within the gadget. One

regulator consists of v ertices u

1

; u

2

; : : : ; u

6

suc h that u

1

and u

2

are b oth adjacen t to all four other v ertices and

u

3

u

4

and u

5

u

6

are edges. See Figure 2. When w e

connect x to u

3

and y to u

6

, the only (2 ; 1)-coloring

of this subgraph has f u

1

; u

2

; x; y g as one color-class.

x y

Figure 2: A regulator: x and y m ust ha v e the same color

in a (2 ; 1)-coloring

W e need a v ertex-gadget: a large subgraph that has

a unique (2 ; 1)-coloring up to in terc hanging the names

of the colors. One w a y to form a v ertex-gadget is to

string a series of v ertices together with regulators, and

use a K

2 ; 3

as a \opp ositer" as depicted in Figure 3. W e

use a double line to indicate a regulator.

x x x ¬x ¬x ¬x
Figure 3: A v ertex-gadget: x and : x receiv e opp osite

colors

No w for an or -gate w e use a 5-cycle. Sa y it's

lab eled v

1

v

2

v

3

v

4

v

5

v

1

. Tw o neigh b oring v ertices v

1

and

v

2

of the 5-cycle are joined b y regulators to the v ertices

corresp onding to the desired literals. Then the v ertex

v

4

at distance 2 from them m ust receiv e one of the

colors that they do. W e can join the output v ertex b y a

regulator to another or -gate and th us sim ulate an or

of three literals. Finally w e join the output v ertex from

all the second or -gates b y regulators. The subgraph

asso ciated with the clause p _ q _ r is sho wn in Figure 4.

The graph that results is G

�

and has degree at most 4.

The n um b er of v ertices in G

�

is linear in the n um b er m

of literals in � ; so this reduction is p olynomial.

Supp ose w e ha v e a (2,1)-coloring of G

�

. Without

loss of generalit y , assume that the output of eac h clause

is colored 1 . By construction, at least one of the inputs

to eac h clause is colored 1 also. If w e asso ciate 1 with

tr ue and 2 with f alse , this coloring yields a satisfying

assignmen t for � . Con v ersely , if � is satis�able, then

p q r

z

Figure 4: z can b e colored 1 iff at least one of p , q or r

is colored 1

the truth assignmen t yields a (2 ; 1)-coloring for G

�

as

follo ws: color the v ertices asso ciated with true v ariables

with color 1 and the others with color 2 . Then for eac h

or , if there is one 1 -input, color the graph appropriately .

It is easy to see that this is a (2,1)-coloring, so w e are

done.

The graph constructed for the reduction ab o v e is

unlik ely to b e planar. Ho w ev er, it can b e made planar

as follo ws. W e can arrange the v ertex-gadgets and the

clauses so that the only edges that can cross are ones

joining v ertex-gadgets to or -gates. Then, whenev er t w o

edges cross, w e can uncross them as sho wn in Figure 5.

It is easy to argue that x

0

m ust receiv e the same color as

x , and y

0

m ust receiv e the same color as y . The n um b er

of times w e migh t need to use the uncrosser is at most

the n um b er of pairs of edges in G

�

, so the resulting

graph w ould ha v e O ( m

4

) v ertices|still p olynomial . 2

x
y

y'
x'

Figure 5: Uncrossing edges in G

�

.

Notice that the planarizing structure in this con-

struction increases the maxim um degree of the graph to

5. W e ha v e b een unable to �nd a reduction to planar

graphs of maxim um degree 4.

Theorem 4.2.

a) F or any p ositive inte ger d , de ciding whether a planar

gr aph is (2 ; d ) -c olor able is NP-c omplete.

b) De ciding whether a planar gr aph is (3 ; 1) -c olor able is
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NP-c omplete.

Pr o of. a) The reduction is from (2 ; 1)-coloring in

planar graphs. F or eac h v ertex v in G in tro duce the

structure D

v

de�ned as follo ws. The v ertex set of D

v

consists of the sets B

1

; B

2

; : : : ; B

d � 1

, eac h of cardinalit y

2 d + 1, and the v ertices c

1

; c

2

; : : : ; c

d � 1

. The only edges

in D

v

join c

i

to all of B

i

and B

i +1

for 1 � i < d � 1,

and c

d � 1

to all of B

d � 1

. Then v is joined to B

1

and all

of the c

i

. See Figure 6. In an y (2 ; d )-coloring of D

v

the

v ertices c

i

m ust all ha v e the same color. F urthermore,

at least d � 1 of eac h B

i

m ust ha v e the color opp osite

to the c

i

. This means that v has defect at least d � 1

in D

v

. But b y giving all the c

i

the same color as v and

all the B

i

the opp osite color one can ensure that v has

defect exactly d � 1 in D

v

. Th us the resulting planar

graph G

0

has a (2 ; d )-coloring if and only if the original

graph G had a (2 ; 1)-coloring.

v

B B

B

Figure 6: v has defect d � 1 = 3 in D

v

b) The reduction is from planar 3-coloring (cf.

Sto c kmey er [30 ]). F or an y graph G in the plane, form

the graph G

0

b y joining to eac h v ertex of G the 6-v ertex

Ha j� os subgraph H depicted in Figure 7. Since H is

outerplanar, all its v ertices can b e joined to a single

v ertex of G and the resulting graph will still b e planar.

F urthermore, it is simple to c hec k that H is not (2 ; 1)-

colorable, so in an y (3 ; 1)-coloring, all 3 colors m ust

app ear among the v ertices of eac h cop y of H , while H

can b e (3 ; 1)-colored so that a sp eci�ed color app ears

only once thereb y giving eac h v ertex in G exactly one

new defect. Th us G

0

will b e (3 ; 1)-colorable if and only

if G w as (3 ; 0)-colorable. 2

Figure 7: An outerplanar graph, H , whic h is not (2 ; 1)-

colorable.

P art (a) of the ab o v e theorem implies there is not

alw a ys a Bro oks{t yp e impro v emen t on Lo v� asz's b ound.

Ho w ev er w e do not kno w what happ ens for 3 or more

colors. F or example, what is the complexit y of (3 ; 1)-

coloring in graphs of maxim um degree 6? (W e can

only pro v e in tractabilit y for degree 7.) Th us w e ask

the follo wing question:

Question 4.1. In gener al, what is the c omplexity

of ( k ; d ) -c oloring in gr aphs of maximum de gr e e k ( d + 1) ?

5 Appro ximate Defectiv e Coloring

Wigderson [31 ] giv es the follo wing algorithm to appro x-

imately color 3-colorable graphs. Pic k a threshold � .

T ak e the no de of highest degree and 2 color its neigh-

b orho o d with t w o new colors. Remo v e its neigh b or-

ho o d. Con tin ue un til all no des ha v e degree at most � .

Then w e can � + 1 color the remaining graph. Eac h

round w e eliminate at least � no des using 2 colors, so

the total n um b er of colors used is 2 n=� + � + 1, and w e

c ho ose � = O (

p

n ) to optimize. W e no w sho w ho w to

mo dify this allo wing for some defect, d .

The Wigderson algorithm is a 2-stage pro cedure,

and it �ts in to the paradigm that has b een used b y

nearly all subsequen t algorithms for appro ximate 3-

coloring (see [5 , 7, 20, 8]).

1. If the max. or a v erage degree of G is high, use the

fact that the graph is 3-colorable to �nd a large

indep enden t set in the graph

2. If the max or a v erage degree of G is lo w, w e can

color with few colors.

W e kno w of no w a y to impro v e on step (1), ab o v e,

when the coloring is relaxed to allo w defects, since in

all cases, the original algorithms rely hea vily on the

fact that the (shared) neigh b orho o d of a (set of ) v ertex

(v ertices) is 2-colorable, and �nding the 2-coloring is

easy . By con trast (2 ; d ) coloring is NP-Complete for

an y constan t d > 0, as w e sho w ed in the previous

section. Ho w ev er, w e can generalize b oth the �rst b ound

of Wigderson, and the more recen t breakthroughs b y

Karger, Mot w ani and Sudan [20 ], b oth of whic h

impro v e the n um b er of colors used in step (2), to a

tradeo� for defects. W e discuss ho w to do this, and

plug our results in to the b est new h ybrid algorithms to

ac hiev e the �nal results in this section.

Theorem 5.1. Ther e exists a O (� E ) -time algo-

rithm to ( d (

8 n

d

)

: 5

e ; d ) -c olor any 3-c olor able gr aph.

Pr o of. W e follo w the algorithm of Wigderson un til

the maxim um degree is � . By Theorem 1.1, the

remaining graph can b e (

�

d

; d ) colored in O ( � E ) time.

The total n um b er of colors is 2 n=� + � =d whic h is

optimized b y c ho osing � =

p

2 n=d . 2

W e next sho w ho w to get a similar tradeo� for the

new and b etter appro ximation algorithms of Karger,
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Mot w ani and Sudan [20 ]. W e use the semide�nite

program approac h of [20 ] to obtain a v ector 3-coloring.

W e then round to an in teger defectiv e coloring.

5.1 Generalizin g the KMS algorithm to de-

fects. W e sk etc h ho w the KMS algorithm generalizes

to defects. In the KMS algorithm, �rst, the 3-coloring

problem is relaxed to the ve ctor 3 -c oloring problem,

whic h is solv ed in p olynomial time using semide�nite

programmi ng. The v ector 3-coloring assigns unit v ec-

tors from R

n

to the v ertices so that t w o v ertices that

are adjacen t in the graph ha v e v ectors whose dot pro d-

uct is at most � 1 = 2.

Next, the v ector 3-coloring is rounded to an or-

dinary coloring. The b etter of t w o rounding metho ds

c ho oses r =

~

O (�

1 = 3

) random \cen ters" (where � is the

maxim um degree of the graph), and assigns t w o v ectors

the same color if they are captured b y the same random

\cen ter" (see [20 ] for details). The probabilit y that t w o

v ectors corresp onding to adjacen t v ertices are assigned

to the same random cen ter is lo w, since the angle b e-

t w een these v ectors is large based on the requiremen ts

of the original SDP . This results (with high probabil-

it y) in what they call a semic oloring, where with prob-

abilit y > 1 = 2, at most n= 4 edges are \uncut" meaning

their endp oin ts w ere mapp ed to the same cen ter. Since

eac h uncut edge is adjacen t to at most 2 v ertices, the

total n um b er of v ertices adjacen t to uncut edges is at

most n= 2, so half the v ertices in the graph are prop erly

colored. Recursion on the improp erly colored v ertices

�nishes the coloring with an additional log n factor in

the n um b er of colors. W e can tolerate d uncut edges

at eac h v ertex b efore w e need to recolor. Plugging this

observ ation in to their algorithm with a little additional

w ork yields the follo wing result:

Theorem 5.2. Ther e exists a p olynomial-time al-

gorithm to (

~

O ((� =d )

1 = 3

; d ) -c olor a 3 -c olor able gr aph of

on n vertic es of de gr e e � .

As for KMS, this approac h can b e com bined with

the most clev er tec hniques kno wn for �nding large

indep enden t sets in high degree graphs, in order to

optimize further the n um b er of colors.

F or example, com bining with the �rst result in the

recen t preprin t of Blum and Karger [8 ] whic h obtains

~

O ( n

2 = 9

) colors for 3-colorable graphs, w e obtain a

~

O (( n=d )

2 = 9

; d )-coloring. Th us w e obtain the follo wing

theorem:

Theorem 5.3. A n n -vertex 3-c olor able gr aph c an

b e

~

O (( n=d )

2 = 9

; d ) -c olor e d in p olynomial time.

W e remark that our tradeo�s generalize to � -

colorable graphs for � > 3 just as those of KMS do.

The guaran tee on the size � of the angle separating the

t w o endp oin ts of an edge in a v ector � -coloring is no w

only � � arccos ( � 1 = ( � � 1)). Th us the probabilit y that

v ectors corresp onding to adjacen t v ertices get captured

b y the same cen ter increases, but again, w e can tolerate

up to d suc h captures at eac h v ertex b y allo wing defect

d .

5.2 T radeo�s. What qualit y of appro ximation

should w e exp ect for coloring with defect? Because

giv en a ( k ; d ) coloring of a graph, one can easily obtain

a ( k ( d + 1) ; 0) coloring (b y d + 1 coloring eac h original

color class, whic h has maxim um degree d ) at most w e

could hop e to sa v e is a factor of d o� appro ximation

algorithms for coloring. Th us the follo wing theorems

are easy consequences of hardness results (see [3]) for

ordinary coloring.

Theorem 5.4. ( k ; d ) -c olor ability is NP-c omplete

for any k � 3 and d � 0 .

Theorem 5.5. F or c onstant defe ct d , ther e exists

an " > 0 such that no p olynomial-time algorithm c an n

"

-

appr oximate the d -defe ctive chr omatic numb er, unless

P = NP.

Ho w ev er, in eac h of the p olynomial -tim e algorithms

whic h appro ximately 3-color with n

"

colors, allo wing for

a defect d , w e are sa ving a m ultiplicativ e factor of ab out

1 =d

"

. Curren t appro ximation algorithms for 3-coloring

still ha v e " b ounded su�cien tly far from 0 that allo wing

defect can still giv e an in teresting tradeo� for ev en the

b est algorithms, but w e ask if the sa vings incurred b y

allo wing defects can b e impro v ed.

6 Application s and op en problems

The t w o most immedia te op en problems are ques-

tions 2.1 and 4.1 listed in the text. The �rst asks

whether ev ery toroidal graph is (4 ; 1)-colorable. This

w ould complete the c haracterization of defectiv e color-

ings on the torus. The other asks for the complexit y of

( k ; d )-coloring in graphs of maxim um degree k ( d + 1).

This is kno wn to b e easy for d = 0 (b y Bro oks' theorem)

and is no w kno wn to b e hard for k = 2 and d > 0.

W e ha v e already ask ed whether the appro ximation

algorithms of the previous section can b e impro v ed.

Da vid Karger has ask ed if there a univ ersal argumen t

that sho ws for a class of appro ximation algorithms for

v ertex coloring that ac hiev e n

�

colors, w e can alw a ys

ac hiev e ( n=d )

�

colors?

The most ob vious application of defectiv e coloring is

a generalization of the application of coloring to sc hedul-

ing. F or the sc heduling problem where v ertices repre-

sen t jobs (sa y users on a computer system), and edges

represen t con
icts (needing to access one or more of

the same �les), allo wing a defect means tolerating some

threshold of con
ict: eac h user ma y �nd the maxim um
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slo wdo wn incurred for retriev al of data with 2 con
ict-

ing other users on the system acceptable, and with more

than 2 unacceptable. One migh t generalize this still

further: to mo del di�eren t tolerances at di�eren t v er-

tices. Some jobs ma y b e more toleran t of in terference

than others, or all con
icts could not b e equally ex-

p ensiv e. This could partially b e mo deled b y allo wing

m ultiple edges, or equiv alen tly w eigh ts on the con
ict

edges. Notice that the Lo v� asz coloring result discussed

in Section 1 w ould still apply in this case. In addition,

if di�eren t colors corresp ond to di�eren t time p erio ds in

the sc hedule, it is p ossible that some jobs ma y not b e

able to sc hedule in all time- slots; rather eac h job ma y

ha v e a di�eren t subset of slots in whic h it is allo w ed

to b e sc heduled. This is the defectiv e v ersion of the

\list-coloring" problem, and w ould allo w the mo deling

of more complicated constrain ts.

Other approac h in v olv es lo oking at alternativ e def-

initions of defectiv e coloring. One p ossibilit y w ould b e

to allo w some total n um b er of mono c hromati c edges,

rather than the stronger requiremen t of a maxim um

threshold of mono c hromatic edges at eac h v ertex. One

sp eci�c generalization is to allo w di�eren t defects for

di�eren t colors. F or example w e migh t use the notation

[0,1]-coloring to denote a coloring of the v ertices with

t w o colors suc h that the �rst color is an indep enden t

set and the second color has defect at most 1. One can

sho w that ev en this simple extension of bipartiteness is

NP-hard for planar graphs. The generalization of The-

orem 1.1 to defects whic h are b ounded as a function of

the v ertex and color has b een explored in [6, 9, 23 , 33].
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