
En umeration of F ull Graphs:

Onset of the Asymptotic Region

L. J. Co w en

�

D. J. Kleitman

y

F. Lasaga D. E. Sussman

Departmen t of Mathematics

Massac h usetts Institute of T ec hnology

Cam bridge, MA 02139

Abstract

A ful l gr aph on n v ertices, as de�ned b y F ulk erson, is a represen tation of the in-

tersection and con tainmen t relations among a system of n sets. It has an undirected

edge b et w een v ertices represen ting in tersecting sets, and a directed edge from a to b

if the corresp onding set A con tains B . Kleitman, Lasaga and Co w en ga v e a uni�ed

argumen t to sho w that asymptotically , almost all full graphs can b e obtained b y taking

an arbitrary undirected graph in the n v ertices, distinguishing a clique in this graph

whic h need not b e maximal, and then adding directed edges going out from eac h v ertex

in the clique to all v ertices to whic h there is not already an existing undirected edge.

Call graphs of this t yp e mem b ers of the dominan t class. This pap er obtains the �rst

upp er and lo w er b ounds on ho w large n has to b e, so that the asymptotic b eha vior is

indeed observ ed. It is sho wn that when n > 170, the dominan t class predominates,

while when n < 17, the full graphs in the dominan t class comprise less than half of the

total n um b er of realizable full graphs on n v ertices.

1 In tro duction

There ha v e b een t w o kinds of questions extensiv ely addressed for a wide range of coun ting

problems: exact coun ts for small parameter v alues, and asymptotic results whic h hold in

the limit as the parameters gro w large. Surprisingly , the question, when are these limits

ac hiev ed, or more sp eci�cally , for what parameters are the asymptotic results reasonably

accurate? are rarely addressed.

This pap er describ es an attempt to answ er this question for the n um b er of \F ull Graphs".

In a previous pap er, some of the authors obtained an asymptotic form ula for the n um b er of

suc h graphs, whic h holds for su�cien tly large n um b er of v ertices. Ho w ev er, that result ga v e

no indication at all of what n um b er w as su�cien tly large for the form ula to b e an ywhere

near the correct answ er.
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The metho ds appropriate for suc h analysis are similar but somewhat di�eren t from those

that w e used in the pap er establishing asymptotic results. In that pap er w e had to establish

that certain kinds of full graphs grew with the n um b er of v ertices at a rate ( r ) lo w er than

a threshold that represen ts the rate of gro wth of the class of full graphs w e w ould use to

establish the asymptotic form ula. (In other w ords, w e constructed a sub class of full graphs

whose rate of gro wth w as v ery close to r , and sho w ed that this w as the dominant class of full

graphs, b y demonstrating a partition of the class of all other full graphs in to sub classes, eac h

of whic h grew at a rate asymptotically less than r ). Th us w e sough t the simplest argumen ts

that established that r w as less than that threshold. In this pap er, w e seek instead the b est

p ossible upp er b ounds on r that can b e ac hiev ed b y our metho ds.

This question, the �nite implications of asymptotic analysis, is neglected b ecause it ap-

p eals neither to those who seek exactitude, nor those who w an t to lo ok only at limiting

b eha vior. Y et, if asymptotics is to ha v e an y concrete meaning, this is an imp ortan t question.

Belo w w e sho w that the range ab o v e whic h our en umerated class of full graphs dominates

the rest starts at somewhere b et w een 17 and 170 v ertices' or at 54 v ertices within a factor of

3.2. W e raise as a question of p ossible in terest: what is the analogous statemen t for partial

orders?

2 Bac kground

A ful l gr aph (as in tro duced b y F ulk erson and Gross [2]) represen ts b oth the con tainmen t and

in tersection prop erties of a collection of sets. Eac h set is represen ted b y a v ertex, and the

v ertex whic h represen ts set A has directed arcs whic h p oin t at the v ertices corresp onding to

sets that A con tains. Undirected arcs link v ertices whose sets ha v e non-empt y in tersections.

F G ( n ) denotes the n um b er of full graphs on n v ertices, then Lync h [5] conjectured that

lim

n !1

log

2

F G ( n )

n

2

= 1 = 2 :

This w as pro v ed b y Kleitman, Lasaga, and Co w en [3] who pro v ed a stronger result that

c haracterized what most full graphs lo ok lik e for large n . In fact, [3 ] sho w ed that the class

of graphs that predominates among full graphs, for su�cien tly large n , corresp onds to pairs

of graphs ( U; C ), where U is an undirected graph on n v ertices, and C is a clique on some

k of these v ertices whic h is a subgraph of U . One obtains the corresp onding full graph b y

adding directed arcs from eac h v ertex in the clique to all v ertices outside it that it is not

already adjacen t to. A full graph of this t yp e is said to b e in the dominant class.

Since this pap er is concerned with getting b ounds on the asymptotic region, w e ask: ho w

large m ust n b e b efore the dominan t class predominates?

In this pap er, w e ac hiev e upp er and lo w er b ounds on n , namely 170 and 17. The upp er

b ound is obtained b y re�ning the metho d of [3]. Lik e the previous pap er, our construction

partitions full graphs in to a �xed n um b er of classes, where it is sho wn that the n um b er of full

graphs in eac h class gro ws asymptotically slo w er than the dominan t class. W e use a more

complicated set of classes to get b etter b ounds on the asymptotic region: w e remark that

our metho ds could also b e applied directly to the Kleitman et al. construction, in whic h case

the upp er b ound obtained w ould b e greater than 750, stretc hing our b ound on the onset of

the asymptotic region b y more than a factor of 3.
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3 The construction

The next three sections are dev oted to pro ving the follo wing theorem.

Theorem 3.1 L et F G ( n ) b e the class of al l ful l gr aphs on n vertic es. L et D ( n ) b e the class

of ful l gr aphs obtaine d by taking an arbitr ary undir e cte d on n vertic es, distinguishing a clique

in this gr aph that ne e d not b e maximal, and then adding dir e cte d e dges going out fr om e ach

vertex in the clique to al l vertic es to which ther e is not alr e ady an existing undir e cte d e dge.

Then if n < 17 , D ( n ) < F G ( n ) = 2 , and if n > 170 , D ( n ) > F G ( n ) = 2 .

W e will derriv e an impro v ed partition of full graphs not in D ( n ) in to a set of classes, so

that the upp er b ound obtained for full graphs in the union of all these classes is not to o

large. In attempting to deriv e a tigh t upp er b ound for the union, there will b e a tradeo�

b et w een the upp er b ounds obtained for the n um b er of full graphs in a particular class, and

the n um b er of classes w e sp ecify to comprise a canonical partition in to classes. W e did some

careful, exp erimen tal balancing to ac hiev e a near optimal tradeo� in the construction b elo w.

The classes of our partition are de�ned in terms of collection of subgraphs (of six v ertices

or less), together with an order on these subgraphs. A full graph not in D ( n ) is said to b e

in the class indexed b y particular subgraphs if it con tains these subgraphs, and it has not

already app eared in a previous class. T ypically , the subgraphs will consist of one sp eci�ed

subgraph with b et w een three and sev en v ertices, union an y n um b er of directed arcs, with a

�xed n um b er of singletons left o v er. The subgraphs will b e ordered �rst according to the

n um b er of v ertices in the longest path in m ulti-v e rtex subgraph, then among those graphs

with paths of length i , but none of length i + 1, they will b e classed according to whic h

can b e partitioned in to an allo w ed subgraph, singletons, and directed arcs, with the few est

n um b er of singletons. Finally , for graphs with the same length for their longest directed path,

for whic h the minim al partition in to singletons and directed arcs yields the same smallest

n um b er of singletons, an order on the allo w ed subgraphs is also sp eci�ed.

W e no w list the allo w ed subgraphs for our construction, in order, together with the

n um b er of w a ys to connect either a singleton or a directed arc to the subgraph, and still

remain in the class; i.e. so that the resulting subgraph is a legal subgraph of a full graph,

and the additional connections do not automatically imply that the full graph has already

b een coun ted as part of a previous class. W e c hec k ed all the larger n um b ers in the b elo w

table on the computer. In the next section, w e will sho w ho w to use these classes, and these

calculations to get a recursiv e upp er b ound on the n um b er of full graphs not in the dominan t

class.

3.1 Notation

W e in tro duce the follo wing notation. F or a path of v ertex length k , lab el the v ertices 1

through k , where k � : : : � 1. W e can corresp ond to eac h p ossible connection pattern

b et w een a v ertex path of length k and a set-v ertex v , an ordered pair ( i; j ), or ( i; � j ); where

i is the smallest index for whic h v is con tained in i (or k + 1, if v is not con tained in k ); and

j is the largest index for whic h v con tains j , or if v do es not con tain 1, 0 if v in tersects 1,

and � j if j is the largest index of a v ertex disjoin t from v .
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(6.4) (5,3) (4,2) (3,1) (2,0) (2,-1) path

Figure 1: Sp eci�ed con�gurations for a path of length �v e.

3.2 The Construction

Our �rst class (as in [3]) is full graphs con taining a directed path of six v ertices or more.

There are 49 legal w a ys to connect a single v ertex to a directed path of six v ertices.

W e next consider all partitions of a full graph that do es not con tain a directed path of

six v ertices or more in to one of the con�gurations listed b elo w, with the remainder of the

v ertices partitioned in to singletons and arcs, with the smallest p ossible n um b er of single

v ertices.

T o handle full graphs whic h ha v e a directed path of v ertex length �v e (but no directed

path of length greater), w e consider, in order, the follo wing con�gurations, all of whic h

con tain a directed �v e v ertex path, and all whic h con tain additional v ertices are indexed

b y the name of the connection that an additional singleton mak es to the path: (6,4), (5,3),

(4,2), (3,1), (2,0), (2,-1), and also consider the directed path of v ertex length �v e.

F or full graphs with paths of v ertex length four, w e use the same canonical form with a

con�guration (in this case on 5 or 4 v ertices), singletons and directed arcs, with the minim um

p ossible n um b er of single v ertices. our 7 5-v ertex con�gurations are, in order, (5,3) (4,2)

(3,1) (2,0) (2,-1) (3,0) and (3,-1), plus a directed path of v ertex length four.

F or full graphs with directed paths of v ertex-length three, w e w ould lik e to do the same

thing, but this time, w e also k eep trac k of the level of a v ertex in order to hold do wn the

n um b er of connections of t w o sp eci�ed con�gurations: the c hec kmark and the 3-path + s

(see �gure 3.2) to a directed arc. A v ertex at the b ottom of a 3-path is at lev el 1, the middle

v ertex is at lev el 2, and the top v ertex is at lev el 3. F or v ertices whic h are not ncon tained

in an y directed 3-path, w e sa y their lev el is indeterminate. No w, for a single subgraph

H , including a v ertex of indeterminate with resp ect to H , w e can sp ecify sev eral di�eren t

classes, indexed b y the lev el of this v ertex in the en tire graph, plus a class for when this

v ertex remains of indeterminate lev el.

The con�gurations, in order, will b e the sup erb ell, houses, the Vs, the in t.b ell, the op en

b ell, the three-path, the Y +s, the in tersecting lam b da +s, the disjoin t lam b da +s, the dia-

mond +s, the Y, the in tersecting lam b da, the diamond, the disjoin t lam b da, the c hec km ark,
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6-v ertex con�gurations:

a

singleton

b

directed arc

(6,4) 12 707

(5,3) 21 755

(4,2) 27 795

(3,1) 30 801

(2,0) 30 740

(2,-1) 27 930

5-v ertex con�guration:

c

singleton

d

directed arc

path 24 441

a

Remo ving those that con tain a 6-path.

b

Remo ving those that con tain a 5-path plus a directed arc, or a previous 6-con�guration plus a singleton.

c

Remo ving those that con tain a 6-path.

d

remo ving those that mak e a 6-con�guration.

Figure 2: P aths of Length Fiv e: Summary .

5-v ertex con�gurations:

a

singleton

b

directed arc

(5,3) 10 368

(4,2) 17 404

(3,1) 21 412

(2,0) 22 386

(2,-1) 22 488

(3,0) 24

c

514

(3,-2) 24

d

571

4-v ertex con�guration:

e

singleton

f

directed arc

path 13 144

a

Remo ving those that con tain 5-paths

b

Remo ving those that con tain a 4-path plus a directed arc

c

Also remo ving previous 5-con�gurations.

d

Also remo ving previous 5-con�gurations.

e

Remo ving those that con tain a 5-path.

f

Remo ving those that form a 5-con�guration

Figure 3: P aths of Length F our: Summary .
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Superbell House1 House2 House3

House4 House5 House6 House7

V1 V2 V3 3-path

Int. Bell Open Bell Y +S Int. Lambda + S

Disj. Lambda  + S Diamond + S Y Int. Lambda

Diamond Disj. Lambda Checkmark 3-path + S

Figure 4: Sp eci�ed con�gurations for a path of length three.

and the three-path +s. These con�gurations are as they app ear in Figure 3.2. The connec-

tions to a singleton or directed arc are summarized b elo w in Figure 5. In the n um b ers cited

in the �gure, w e ha v e remo v ed connections that mak e four-paths from ev erything.

What remains, is full graphs with paths of v ertex length 2, whic h still are not in the

dominan t class. These m ust con tain either subgraphs A or B. First, w e deal with an ything

that con tains subgraph A. W e partition it in to A or A1, A2 and directed arcs and singletons,

as usual with the smallest p ossible n um b er of singletons. Here A is the graph with t w o

directed arcs, b oth completely disjoin t. A1 are the t w o con�gurations that add a v ertex

to b e con tained in one of the t w o directed arcs (these t w o b ottom v ertices can b e disjoin t

or in tersect). A2 are t w o con�gurations that add a v ertex to con tain the b ottom v ertex in

one of the directed arcs (there are 4 suc h legal con�gurations, dep ending on the in tersection

pattern with the remaining directed arc; c ho ose an y t w o, w e c ho ose for example A2 with the

new v ertex en tirely disjoin t from the remaining directed arc, and A2 with the new v ertex

con taining the b ottom v ertex in the remaining directed arc (see �gure).)

Next, w e deal with graphs whic h do not con tain A, but whic h do con tain a triangle. Here

a triangle is t w o v ertices b oth con taining a third. W e partition suc h graphs in to a triangle,

directed arcs, and singletons, minim izi ng singletons.

Graphs whic h fail to b e in the dominan t class and do not con tain A m ust con tain B. W e

no w deal with those whic h ha v e B but no triangle, since w e ha v e already dealt with an y that

con tain a triangle.

W e partition them in to B plus arcs and singletons, and consider the n um b er of connections
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no. v ertices singleton

a

directed arc

a

sup erb ell 6 51

b

2073

Houses and Vs

c

house1 5 18 397

house2 5 18 461

house3 5 18 477

house4 5 18 546

house5 5 18 523

house6 5 18 563

house7 5 18 505

V1 5 20 342

V2 5 20 407

V3 5 20 432

in t. b ell 5 24

d

507

op en b ell 5 25

e

555

3path 3 6

f

42

g

+ ; con�gurations:

h

Y + s 5 20 444

in t. lam b da + s 5 20 512

dis. lam b da + s 5 18

i

604

diamond + s 5 19 570

The 4-con�gurations:

j

Y 4 7 165

in t. lam b da

k

4 13 160

dis. lam b da

l

4 11 167

diamond

m

4 12 157

3path + ;

n

4 12 < 169

o

c hec kmark

p

4 12 < 169

q

a

All coun ts remo v e those that con tain a path of length 4.

b

Remo ving those that con tain a b ell plus a directed arc.

c

Remo ving those that con tain a 4-con�guration plus a directed arc

d

Remo ving those that con tain sup erb ells, or lam b da plus a directed arc.

e

Remo ving those that con tain sup erb ells, lam b da plus a directed arc, or in t. b ells plus singleton.

f

Remo ving those that con tain an y 4-con�guration.

g

Remo ving those that con tain a House, V, or b ell.

h

Remo ving those that con tain a 4-con�guration plus a directed arc.

i

Also remo ving those that con tain an in t. lam b da plus a directed arc.

j

Remo ving those that con tain a 3-path and a directed arc, b ells, or a + s con�guration.

k

Remo ving those that con tain Y .

l

Remo ving those that con tain Y or in t. lam b da.

m

Remo ving those that con tain Y or lam b das

n

Remo ving those that con tain Y or lam b das or diamond, plus 2 3-paths.

o

When further partitioned b y p ossible lev el of disjoin t v ertex in en tire graph.

p

Remo ving those that con tain Y or lam b das or diamond or 3path + s

q

When further partitioned b y p ossible lev el of disjoin t v ertex in en tire graph.

Figure 5: P aths of Length Three: Summary .

7



A1A

BTriangle

?
A2 (1) A2 (2)

B* B**

? ?

Figure 6: The A and B con�gurations.

of B to a singleton or an arc. W e remo v e from the B graphs the t w o graphs of the form B*

(corresp onding to the t w o singletons in tersecting or b eing disjoin t), and from B*, a single

graph B** (the new singleton is en tirely disjoin t from the rest of the con�guration). F or

B** w e again use the lev el idea to hold do wn the n um b er of connections of a singleton. All

results are summarized in Figure 7.

4 The recursion

The recursion tak es as input the �rst 6 v alues for F G(n) computed exactly . There is 1 legal

full graph on 1 v ertex, 4 on t w o v ertices, 41 on three v ertices, 916 on four v ertices, 41,099

legal full graphs on 5 v ertices, and 3,528,258 full graphs on 6 v ertices. W e carried out the

recursion b y means of a program whic h w orks w orks with the logarithms of the n um b ers,

rather than the n um b ers themselv es, for computational purp oses, where the log of a sum of k

terms is upp erb ounded b y k times the maxim um term. W e balance the recursion as follo ws.

Consider the follo wing 8 terms, group ed b y size, whic h accoun t for all the con�gurations in

our construction, where m here is the maxim um of (maxim um n um b er of connections to a

singleton, the square ro ot of the n um b er of connections to a directed arc:

1. the 6-v ertex con�guration with r =51

2. 7 6-v ertex con�gurations with r � 49

3. 2 5-v ertex con�gurations with r = 26

4. 1 5-v ertex con�gurations with r � 25

5. 27 5-v ertex con�gurations with r � 24

6. 11 4-v ertex con�gurations with r � 13
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singleton directed arc

A con�gurations:

A1 (disjoin t) 26 465

A1 (in tersect) 26 385

A2 (disjoin t) 24 293

A2 (con tain b ot.) 24 328

A 13 121

triangle 6 42

B con�gurations:

B (3 v ertices) 6 25

B* (4 v ertices) 13 69

B** (5 v ertices) < 24

a

256

a

P artitioning b y the lev el of the singleton in the en tire graph

Figure 7: P aths of Length Tw o: Summary .

7. 3 3-v ertex con�gurations with r � 6 : 5

T o compute F G( i ), for a t -v ertex term, w e tak e the n um b er of con�gurations of size t

that app ear in our canonical form, and m ultiply b y

�

n

t

�

t ! times the recursiv e upp er b ound

for F G( i � t ) times the maxim um n um b er of w a ys to F G( i � t ) to H , whic h w e upp erb ound

b y the r listed ab o v e for H , raised to the i � t . F or an upp er b ound on the dominan t

class, w e compute eac h of the n terms in the sum, tak e the maxim um , and m ultiply b y

n . Then w e compare all terms (the t -con�guration terms, and the upp er b ound on the

dominan t class), tak e the maxim um , and m ultiply b y the n um b er of terms. W e note that

w e ha v e heuristically balanced the terms ab o v e quite w ell: term 8 dominates for the �rst

dozen v alues of n , then term 7 and term 8 tak e turns for n in the mid-t w en tie s to thirties,

then 7 dominates uncon tested un til the mid-�fties, when 3 b ecomes the dominan t term. In

the 150s, 3 vies with the �rst term for dominance, whic h is then dominan t thereafter. W e

compare what w e get (without adding in the upp er b ound to the dominan t class, ab o v e) to

the lo w er b ound on the dominan t class, whic h just consists of the maxim um of the n terms.

Then w e add bac k in the upp er b ound to the dominan t class and mak e this our new estimate

for F G ( i ).

W e remark that w e ha v e balanced the terms uniformly , for all n less than 170, and that

a sligh tly b etter upp er b ound could b e ac hiev ed b y balancing these terms di�eren tly for

di�eren t ranges of n . Ho w ev er, since suc h tink ering will de�nitely not push our b ound in an y

case m uc h b elo w 160, and since w e b eliev e the true answ er is probably closer to the lo w er

b ound, w e are con ten t with this upp er b ound.

In the next section, w e giv e an explicit construction for a class of legal full graphs whic h

lie outside the dominan t class, but whic h accoun ts for a larger prop ortion of full graphs than

the dominan t class, for n < 17.
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5 The lo w er b ound

Consider the follo wing class of full graphs of size n . T ak e a mem b er of the D ( n � 2). An

additional t w o v ertices, joined b y a directed arc, are connected to the other n � 2 v ertices

as follo ws: v ertices in the clique of size k ha v e three c hoices as to ho w they connect to

these t w o v ertices, either they in tersect b oth, in tersect the top and con tain the b ottom, or

con tain b oth. The remaining v ertices also ha v e three c hoices as to ho w to connect to these

t w o v ertices: they can b e disjoin t from b oth, in tersect only the top, or in tersect b oth. F or

eac h �xed k less than n � 2, for eac h mem b er of the dominan t class on n � 2 v ertices, there

are

�

n � k

2

�

w a ys to name the additional v ertices, t w o w a ys to arrange them in a directed arc,

times 3

n � 2

w a ys to connect them. On the other hand, for the dominan t class there are 4

n � 2

w a ys to connect them. W e calculate all n terms of the dominan t class and our construction

exactly . These graphs dominate o v er the dominan t class for n < 17.

6 Conclusions and op en problems

W e ha v e sho wn b oth upp er and lo w er b ounds on the v alue where the asymptotic region

commence s. The most ob vious op en problem is to try to narro w the gap b et w een the upp er

and lo w er b ounds presen ted here. W e conjecture that the lo w er b ound is closer to the exact

v alue.

Another op en problem is to lo ok at the same question as w e did for F ull graphs in this

pap er, for partial orders. Kleitman and Rothsc hild [4] pro vide an asymptotic en umeration

of partial orders, including the sp eci�cation of a predominan t class of partial orders for n

large enough. A more recen t pap er of Ern � e and Stege [1] coun ts exactly the n um b er of legal

partial orders on n v ertices, for n � 14. What is in teresting, is that the asymptotic b eha vior

pro v ed b y Kleitman and Rothsc hild is not y et in evidence for n this small. Th us stopping at

n = 14, Ern � e and Stege ha v e not y et reac hed the asymptotic region: is 14 an ywhere near the

v alue of n where asymptotic b eha vior will b egin to b e observ ed? W e p ose the op en question

of �nding tigh t b ounds on the smallest n for whic h w e get the asymptotic b eha vior in the

en umeration of partial orders.
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