
Appro ximation Algorithms for the Class Co v er Problem

Adam Cannon and Lenore Co w en

�

Departmen t of Mathematical Sciences

Johns Hopkins Univ ersit y

Baltimore, MD 21218

Abstract

W e in tro duce the class co v er problem, a v arian t of disk co v er with forbidden regions, with applica-

tions to classi�cation and facilit y lo cation problems. W e pro v e similar hardness results to disk co v er.

W e then presen t a p olynomial-tim e appro ximation algorithm for class co v er that p erforms within a

ln n + 1 factor of optimal, whic h is nearly tigh t under standard hardness assumptions. In the sp ecial

case that the p oin ts lie in a d -dimensional space with Euclidean norm, for some �xed constan t d , w e

obtain a p olynomial time appro ximation sc heme.

1 In tro duction

Man y di�eren t problems from the realm of classi�cation and clustering, ha v e b een form ulated as optimiza-

tion problems. Examples of problems that ha v e b een recen tly studied include Sc h ulman's new w ork [11 ]

and others (see, for example, Bradley , F a yy ad, and Mangasarian's surv ey [2 ]). F orm ulations suc h as [11 ]

mo del what is essen tially an unsup ervised learning problem, where the clusters are determined en tirely

b y optimization criteria that endea v or to capture ho w tigh tly the p oin ts clump together.

By con trast, this pap er considers a clustering problem mo deled b y a m uc h simpler, sup ervise d learning

problem: in fact, the simplest classi�cation problem there is. W e consider p oin ts of t w o t yp es (for

generalizations to m ultiple classes see Section 5), class one p oin ts (whic h w e will refer to henceforth as

blue p oin ts, or p ositiv e examples) and class t w o p oin ts (whic h w e will refer to henceforth as r e d p oin ts,

or negativ e examples). The goal is to pic k a set of blue c enters that separate the blue p oin ts from the red

p oin ts in the follo wing w a y: the distance from an y of the blue p oin ts to its closest blue cen ter is smaller

than the distance from an y of the red p oin ts to its closest blue cen ter. This is equiv alen t to co v ering the

blue p oin ts with a set of blue-cen tered balls of equal radius, suc h that no red p oin ts lie in these balls.

It is easy to observ e that no matter what the set of blue p oin ts and red p oin ts are, suc h a separating

set of blue cen ters alw a ys exists: simply pic k all blue p oin ts as cen ters. This trivial separating set has

ev ery blue p oin t at distance 0. Ho w ev er, it is not a v ery in teresting separating set. The k ey question, is

ho w man y blue p oin ts are really needed: in particular, w e seek a minim um cardinalit y set of blue cen ters

that satis�es the ab o v e de�nition. Th us w e de�ne the class c over problem as follo ws: Let B b e the set

of p oin ts in class one, and R b e the set of p oin ts in class t w o, with j R j + j B j = n . Then the class co v er

problem is,

Minimize k

�
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sub ject to: max

v 2 B

d ( v ; S ) < min

v 2 R

d ( v ; S )

where S � B ; j S j = k

Here the p oin t to set distance d ( v ; S ) is de�ned as min

s 2 S

d ( v ; s ).

1

W e suggest lo oking at the k for whic h a set of colored p oin ts has a solution to the class co v er problem

as some sort of measure of ho w w ell separated the t w o classes are: this w as the p oin t of view tak en in

the pap er [6]. Our in v estigation of the class co v er problem w as originally motiv ated b y our Appro ximate

Distance Classi�cation (see Co w en and Prieb e [6 ] and Cannon, Co w en, and Prieb e [4 ]) metho d for the

classi�cation of high dimensional data. In fact, a set of p oin ts whose solution to the class co v er problem

has size � k are precisely the \ k -separable in one-dimension" sets in tro duced in [6 ], and dev elop ed further

as part of the ADC metho d. W e discuss these connections further at the end of the pap er.

The class co v er problem also has a facilit y lo cation in terpretation. One can imagine the blue p oin ts

as preferred or premium customers. Therefore, the ob jectiv e b ecomes to lo cate the facilities in a w a y

that puts the farthest preferred (blue) customer closer than the nearest regular (red) customer.

Our results. Our main result follo ws from a p olynomial time reduction of the class co v er problem to

the sp ecial case of set co v er called the disk c over problem, in tro duced b y Ho c h baum and Maass [7 ].This

leads to a ln n + 1 times optimal appro ximation algorithm for the class co v er problem in general, that runs

in cubic time. It also leads to a (1 + � )-times optimal p olynomial-time appro ximation algorithm in the

sp ecial case that the p oin ts lie in <

d

for some �xed d , but with a running time that's doubly exp onen tial

in 1 =� and d . W e remark that in the sp ecial case for ac hieving a constan t factor appro ximation when the

p oin ts lie in <

2

, an appro ximation algorithm for disk co v er of Br• onnimann and Go o dric h [3 ] can b e used

in place of the disk co v er algorithm of [7 ] as a subroutine, to reduce the running time for class co v er in

this case to O ( n

5

log n ).

First w e sho w the class co v er problem is NP-Complete, and that appro ximating the class co v er problem

within a factor b etter than O (log n ) is not p ossible unless NP �

~

P . Then w e giv e the transformation

of our problem to a quadratic n um b er of instances of the disk co v er problem. The running times cited

ab o v e then follo w immediately from the greedy appro ximation algorithm for general set co v er (including

disk co v er), and the b etter appro ximation factors for disk co v er in �xed dimension cited ab o v e. Finally ,

w e discuss applications to building classi�ers, conclusions, and op en problems.

2 Hardness results

Clearly the decision problem \Is there a solution to the class co v er problem of v alue � k ?" is in NP .

It remains to sho w that the class co v er problem is NP-hard. W e sho w not only that it is NP-hard but

that the dominating set problem is essen tially a sp ecial case of the class co v er problem. Th us hardness

of appro ximation results for dominating set are inherited b y class co v er.

Recall the dominating set problem: Giv en a graph G ( V ; E ) to determine whether there is a set of

v ertices D S of size at most k suc h that all v ertices are either in D S or adjacen t to some elemen t of D S .

The optimization v ersion of dominating set is to minimize the size of D S , that is, to minimize k . No w,

giv en an instance of dominating set G ( V ; E ) w e ma y construct an instance I of class co v er in the follo wing

1

W e remark that w e are using the notation d ( v ; s ), whic h usually implies a metric, and in general most of our applicatio ns

will b e in a metric space, ho w ev er, all of our de�nitions can also b e made, and our general result also holds using a semi-metric,

i.e. a cost structure c ( v ; s ) that do es not satisfy the triangle inequalit y .
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w a y . Create a blue p oin t for eac h v ertex v 2 V . Create a single new red p oin t r . Assign the distance

b et w een t w o blue p oin ts to b e 1 if their corresp onding v ertices in G had an edge b et w een them, and 2

otherwise. Assign the red p oin t to b e at distance 1.5 from all the blue v ertices.

Prop osition 2.1 A ny solution to the derive d class c over instanc e I of size k c orr esp onds dir e ctly to a

dominating set of G of size k . Thus a p olynomial time algorithm for class c over would imply a p olynomial

time algorithm for dominating set, and a p oly-time appr oximation algorithm for class c over implies a p oly-

time appr oximation algorithm for dominating set with the same appr oximation factor. 2

The hardness results no w follo w from the fact that dominating set is a \class I I" problem, according

to the hardness results classi�cation sc heme (as describ ed b y Arora and Lund (see [1 , 9])) and th us w e

ha v e the follo wing corollary:

Corollary 2.2 Ther e is no p olynomial time appr oximation algorithm for class c over that appr oximates

the optimal solution to class c over within a factor b etter than (1 � � ) log n unless N P �

~

P . 2

3 An ln n + 1 -appro ximation algorithm

W e �rst presen t the algorithm Fixed-Radius , whic h tak es, in addition to the instance of class co v er, an

additional parameter � 2 < . W e sho w that when w e correctly \guess" � = min

v 2 R

d ( v ; S

�

), where S

�

is an optimal solution to class co v er, that Fixed-Radius returns a feasible solution to the class co v er

instance, of size at most O ( j S

�

j (ln +1)), where j S

�

j is the size of the optimal solution to class co v er. W e

then presen t the algorithm Bubble-Grow , whic h generates a p olynomial n um b er of guesses for � , and is

guaran teed to call Fixed-Radius with the righ t v alue for � .

Algorithm Fixed-Radius

Input: An instance ( B ; R ) of blue and red p oin ts with j B j + j R j = n and a cost measure c ( i; j ) de�ned

on all pairs of p oin ts i; j 2 B [ R . An additional parameter � 2 < .

Output: S with S � B , or \ � is infeasible".

1. F or eac h v 2 B ,

Let B

v

= f u 2 B [ R j c ( u; v ) < � g

2. F or eac h v , if B

v

con tains an y red p oin ts, place v in set X .

3. Output the collection of sets (balls) C =

S

v 2 B n X

B

v

.

4. If the union of all sets in C do es not capture all p oin ts in B , then output \ � is infeasible" and

STOP .

5. Using the greedy appro ximation to set co v er compute D , a collection of sets that co v er all p oin ts

in B from C of cardinalit y at most j D

�

j (ln n + 1), where D

�

is a minim um cardinalit y subset of sets

B

v

2 C whose union captures all p oin ts in B .

6. Output the set S whose elemen ts are the cen ters of the balls b elonging to D .

W e mak e the follo wing claims:
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Prop osition 3.1 If algorithm Fixed-Radius r eturns a set S , then S is a fe asible solution to the class

c over pr oblem.

Pro of: The set co v er appro ximation in Step 5 do es not consider balls that con tain an y red p oin ts (they

are eliminated in Step 3). Since the elemen ts of S are the cen ters of the balls in D output b y the set

co v er appro ximation algorithm, there can b e no red p oin ts within distance (cost) � of an y p oin t in S .

Since D co v ers the blue p oin ts, ev ery blue p oin t m ust b e within distance (cost) � of some elemen t of S .

Th us max

v 2 B

d ( v ; S ) � � < min

v 2 R

d ( v ; S ) and S is feasible. 2

Prop osition 3.2 If S

�

, with j S

�

j = k is an optimal solution to the class c over pr oblem, then on input

� = min

v 2 R

d ( v ; S

�

) , algorithm Fixed-Radius pr o duc es a set S with j S j � k (ln n + 1) .

Pro of: It is su�cien t to sho w that when � = min

v 2 R

d ( v ; S

�

) is input to Fixed-Radius , j S

�

j = j D

�

j ,

where D

�

is the optimal solution to the set co v er problem used in Step 5. Since w e can build a feasible

solution S from D

�

with j S j = j D

�

j , w e ha v e b y optimalit y of S

�

, that j S

�

j � j D

�

j . Supp ose j S

�

j = k <

j D

�

j , then w e gro w balls of radius � around the k elemen ts of S

�

. Since there is a red p oin t at distance

(cost) � from some elemen t of S

�

and since S

�

is feasible, all of the blue p oin ts m ust b e co v ered b y the

balls. Therefore these balls are a co v er of size k in the set co v er problem of Step 5, violating optimalit y

of D

�

. Hence j S

�

j = j D

�

j as desired. 2

3.1 The main algorithm

Based on the prop ositions of the previous section, it is clear w e could pro duce an O (log n )-appro ximation

to class co v er, if w e could run algorithm Fixed-Radius for all � 2 < , 0 < � � max

i;j 2 B [ R

c ( i; j ), and

output the minim um-sized feasible solution.

In particular, w e visualize all blue p oin ts gro wing sim ultaneously balls of radius � ; initially � = 0. If

w e imagine increasing � con tin uously , w e ac hiev e blue-cen tered balls of radius � : if these balls capture

an y red (forbidden) p oin t, they \p op" (i.e. are remo v ed from the collection C of activ e sets.) Algorithm

Fixed-Radius runs on the \snapshot" for eac h �xed � ; clearly if � is increased con tin uously there are

to o man y snapshots and this is not p olynomial time. Notice that some sort of binary searc h on � w on't

w ork either, b ecause the b eha vior of the co v er is not monotonic in � . Ho w ev er, w e notice that the sets

in C do not c hange con tin uously as � increases, rather the sets that comprise C only c hange eac h time

a new p oin t is captured b y an existing ball. The n um b er of radii � for whic h this o ccurs can b e upp er

b ounded b y n

2

, the maxim um n um b er of di�eren t pairwise distances; th us c hec king only n

2

di�eren t �

(and c ho osing the solution of minim um cardinalit y among them) can b e sho wn to su�ce. In fact, a little

though t sho ws w e can reduce the n um b er of � considered to linear, b ecause it only helps the co v er when

more blue p oin ts are captured b y a blue-cen tered ball. Th us for eac h blue p oin t, a particular � of in terest

is the one that leads to an op en ball with radius equal to its closest red p oin t ( i.e. the v alue for alpha

just b efore the ball \p ops"). This is the idea b ehind our main algorithm, Bubble-Grow .

Algorithm Bubble-Gro w

Input: An instance ( B ; R ) of n

b

blue and n

r

red p oin ts with n

b

+ n

r

= n and a cost measure c ( i; j )

de�ned on all pairs of p oin ts i; j 2 B [ R .

Output: S with S � B .

1. F or eac h v

i

2 B ,
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� Create asso ciated list L

i

= ( l

1

i

; : : : l

n

i

), consisting of the elemen ts x , stored as ( x; c ( x; v

i

), and

sorted b y increasing c ( x; v

i

).

� �

i

 � min

x 2 R

c ( x; v

i

)

� h

i

 � 1

� t

i

 � 1

2. Sort the lists L

i

, according to increasing �

i

, let L

( i )

= ( l

1

( i )

; : : : ; l

n

( i )

) denote the i th list under this

ordering.

3. F or i = 1 to n

b

DO

B

( i � 1)

 � ;

F or j = i to n

b

t

j

 � f the largest index k , so that l

k

( j )

has c ( x; v

( j )

) < �

( i )

g

B

( j )

 � B

( j )

[ f l

h

j

( j )

: : : l

t

j

( j )

g

h

j

 � t

j

+ 1

Output C = f B

( i )

: 1 � i � n

b

g

If the union of all sets in C co v ers all p oin ts in B

Use the greedy appro ximation to set co v er to output D

i

, a collection of sets (balls) that

capture all of the p oin ts in B .

4. Let D

0

b e the minim um cardinalit y solution from among the sets D

i

output in step 3. Return the

set S whose elemen ts are the cen ters of the balls b elonging to D

0

.

Remark: W e note that here the Fixed-Radius routine is in tegrated in to step three and not actually

called as a separate routine.

Prop osition 3.3 Supp ose that the optimal solution to class c over has c ar dinality k . Then the ab ove

algorithm �nds a class c over of c ar dinality at most k (ln n + 1) .

Pro of: Let �

�

b e the distance to the nearest red v ertex in a minim um size separating set, D

�

. Since

the list of �

i

computed in Step 2 includes all minim um blue-to-red distances, �

�

= �

i

for some 1 �

i � n

b

. Consequen tly , b y the argumen t in Prop ositions 3.1 and 3.2, one of the set co v er ln n + 1-

appro ximate solutions computed in Step 3 of the algorithm m ust corresp ond to a ln n + 1-appro ximation

of the cardinalit y of D

�

. Since the algorithm c ho oses the globally minim um size set co v er solution to

build its ultimate class co v er solution, it m ust return a class separating set with cardinalit y less than or

equal to k (ln n + 1). The algorithm alw a ys outputs some co v er since the �rst time through the lo op at

step 3 pro duces at w orst the trivial co v er (all of B ) as a solution. 2

Prop osition 3.4 A lgorithm Bubble-Grow with input n p oints with n

b

blue p oints, runs in O ( n

3

b

+

n

b

n log n ) = O ( n

3

) time.

Pro of: The amoun t of time needed for step 1 is dominated b y the amoun t of time to sort n

b

lists of n

elemen t lists, for O ( n

b

n log n ) time. The second step just sorts n indices, and tak es O ( n log n ) time. F or

a �xed i , the construction of the set B

i

o v er al l the di�eren t v alues of � tak es only linear time, since w e

are k eeping a p oin ter to the sorted list of p oin ts whic h ha v e b een captured so far in B

i

's ball, and w e just
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scan forw ard in the list to add new p oin ts to the set, when � is increased. Ov er n

b

balls, this is a total

of O ( n

b

n ) time. Finally , the greedy algorithm for set co v er, can b e implemen ted to run in O ( n

2

b

) time,

and w e are running n

b

di�eren t set co v ers, for a total of O ( n

3

b

) time. 2

W e remark that the analysis ab o v e, and our description of the algorithm b oth assume that the

pairwise costs c ( i; j ) are giv en as input to the algorithm. In the case that the p oin ts are in a metric

space, for example, if they are p oin ts in R

d

with a Euclidean norm, it is more natural to assume the

p oin ts themselv es are simply giv en as input, and as \step 0" the algorithm w ould �rst ha v e to compute

all pairwise distances, for a cost of O ( n

2

d ).

Th us w e ha v e pro v ed the follo wing theorem:

Theorem 3.5 Ther e is a ln n + 1 -appr oximation algorithm for class c over that runs in time O ( n

3

+ n

2

d ) .

3.2 Sp ecial Case of Fixed Dimension.

W e no w consider the sp ecial case where our red and blue p oin ts lie in <

d

, under the Euclidean metric.

Supp ose S is a set of p oin ts in <

d

, and D is a set of balls of equal radius. The disk c over problem, as

de�ned b y Ho c h baum and Maass [7] is to �nd a minim um n um b er of balls in D that co v er the p oin ts in

S .

Ho c h baum and Maass pro v e the follo wing theorem:

Theorem 3.6 [7 ] L et d � 1 b e some �nite dimension and � > 0 b e �xe d. L et � = ( �

� 1

p

d )

d

. Then

ther e is a p olynomial times appr oximation scheme H ( d; � ) that outputs a c over of n p oints in a d �

dimensional E ucl ideanspaceby d-dimensional b al ls of r adius R in O ( � � d� (2 n )

d� +1

) steps that is (1 + � )

d

times the size of the optimal c over.

It just remains to observ e that the collection of balls pro duced b y algorithm Fixed-Radius in step

3, if it satis�es the condition of step 4, is a legal form ulation of the disk co v er problem when S = B is

a set of p oin ts in <

d

. Th us the Ho c h baum-Maass algorithm can b e substituted for step 5 of algorithm

Fixed-Radius to output the appro ximate co v er. Algorithm Bubble-Grow whic h calls Fixed-Radius

at most n

2

times will pro duce a solution with the same appro ximation factor as the appro ximate disk

co v er to the class co v er problem; the running time blo ws up b y a factor of n

2

since the running time of

Fixed-Radius will b e dominated b y the running time of the Ho c h baum-Maass disk co v er algorithm.

In the sp ecial case of <

2

, the running time can b e further impro v ed b y an algorithm of Br• onnimann

and Go o dric h, who presen t a constan t factor appro ximation of the 2-dimensional disk co v er algorithm

that runs in O ( n

3

log n ) time. Substituting this in for the Ho c h baum-Maass algorithm ab o v e giv es us an

O (1) appro ximation to the class co v er problem with a running time of O ( n

5

log n ) (see [3 ]).

4 Applications to Classi�cation

Giv en a solution S to the class co v er problem, it can b e incorp orated in to a simple classi�er as follo ws:

declare a new unclassi�ed p oin t to b e in the p ositiv e class if it lies within distance max

v 2 B

d ( v ; S ) from

some blue cen ter, and in the negativ e class if its distance is at least min

v 2 R

d ( v ; S ). (F or those p oin ts

whose distance is b et w een max

v 2 B

d ( v ; S ) and min

v 2 R

d ( v ; S ), what the classi�er should ideally answ er

will b e application dep enden t, either pic king its class arbitrarily , randomly , as some function of its relativ e

pro ximit y to eac h of these t w o measures, or alternately it could answ er \no decision").

The relationship b et w een the simple classi�er de�ned ab o v e, and the degenerate one-dimensional

case of the Co w en/Prieb e ADC dimension reduction system is w orth noting. Co w en and Prieb e [4 , 6 ]

consider an orthogonal question in pattern recognition: namely , they lo ok for maps of high-dimensional
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data in to lo w-dimensional space, that preserv e inter- -class distance in the sup ervised learning setting,

and inter- cluster distance in the unsup ervised setting. These maps are c hosen from a set of maps in to

j -dimensional space that are indexed b y j subsets of the orginal data w

1

; : : : w

j

, termed the witness sets.

The ADC map asso ciated with the sets w

1

; : : : w

j

maps the p oin t x to the p oin t in j -dimensional space

whose i th co ordinate is min

v 2 w

i

d ( v ; x ). It w as sho wn b y Linial et. al.[8 ] that random ADC maps to

O (log

2

n ) dimensions under the L

p

norms, with appropriately c hosen witness set sizes, appro ximately

preserv es within a O (log n ) factor ALL in terp oin t distances (not just in terclass distances) of an n -p oin t

data set, indep enden t of the dimensionalit y of the original data, so this is a ric h and in teresting set of

maps to consider.

In one dimension, the ADC map pic ks a single witness set W , and maps eac h p oin t x to the scalar

quan tit y that is min

w 2 W

d ( w ; x ). Clearly , a set W of size k that is feasible for the class co v er problem,

yields a map in to one dimension that places all the blue p oin ts to the left of all the red p oin ts. Suc h W

are precisely what Co w en and Prieb e call the k -sep ar able sets (see [6]). Wh y do w e w an t to minimize k ?

There are t w o reasons. The �rst is computational; w e simply need to compute few er distances if w e ha v e

a small witness set. The second reason is more qualitativ e. Supp ose w e ha v e n

b

training observ ations

from the blue class. W e b eliev e there is a qualitativ e di�erence in class structure b et w een instances in

whic h there are small separating sets and instances in whic h the only separating set has size close to or

equal to n

b

.

5 Conclusions and Op en Problems

There is an asymmetry in the w a y the class co v er problem treats blue and red p oin ts; this asymmetry

allo ws us to mo del so-called \one class" problems (where the goal is to separate class \B" from \the rest"

or \noise", the class B ). T o generalize to a symmetric t w o class problem or to three or more classes, one

migh t giv e an alternativ e de�nition where there is a witness set and a co v ering of balls required for eac h

separate color class, so that no p oin t of a di�eren t color lies within these balls.

A second issue is that the class co v er problem as de�ned is v ery sensitiv e to misclassi�ed p oin ts, or

mistak es. An y p oin t mislab eled as red in a blue neigh b orho o d, or visa v ersa, can h ugely blo w up the size

of the optimal solution, and cause the essen tial structure of the separating set to b e missed. A relaxation

of class co v er w ould ask for all but some small subset of the p oin ts to satisfy the condition; where w e �x

the size, k , of the class separating set and the appro ximation is on the feasibilit y of the solution. With the

appropriate de�nitions (for example, a reasonable w a y to coun t violations of feasibilit y w ould b e to ask,

giv en a �xed k , for the solution that has the minim um n um b er of pairs ( b; r ) suc h that red p oin t r lies in

blue ball b , o v er all blue balls), w e conjecture that some sort of appro ximation algorithm is ac hiev able.

Another area for further researc h, that w e alluded to in the previous section, w ould b e in using the

class co v er problem to someho w c haracterize the di�cult y of a particular classi�cation instance. W e ma y

generalize the notion of k -separabilit y in one dimension to j -dimensions b y using j -dimensional ADC

maps, and requiring separation of classes b y a h yp erplane in j dimensions.

Finally , w e ask if the running time for appro ximate class co v er in the general case, can b e reduced to

quadratic.
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