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Abstract—The causal cognitive interference channel (CCIC)
is a four-node channel, in which the second sender obtains
information from the first sender causally and assists in the trans-
mission of both. We propose a new coding scheme called Han-
Kobayashi partial decode-forward binning (HK-PDF-binning),
which combines the ideas of Han-Kobayashi coding, partial
decode-forward relaying, conditional Gelfand-Pinsker binning
and relaxed joint decoding. The second sender decodes a part
of the message from the first sender, then uses Gelfand-Pinsker
binning to bin against the decoded codeword. When applied to
the Gaussian channel, this HK-PDF-binning essentializes to a
correlation between the transmit signal and the state, which
encompasses the traditional dirty-paper-coding binning as a
special case when this correlation factor is zero. The proposed
scheme encompasses the Han-Kobayashi rate region and achieves
both partial decode-forward relaying rate for the first user and
interference-free rate for the second user.

I. INTRODUCTION

The causal Cognitive Interference Channel (CCIC) is a
practically-oriented cognitive channel, in which the second
(cognitive) sender obtains information from the first (primary)
sender causally, then uses that to assist the transmissions of
the first sender and its own message. This is different from
the traditional cognitive channel in which the cognitive user
knows the primary user’s message non-causally.

Coding for the traditional (non-causal) CIC is mainly based
on combining Gelfand-Pinsker binning technique [1] with
Han-Kobayashi coding [2], [3] for the interference channel.
Since the cognitive user has the primary user’s message non-
causally, the fact that it relays this message is implicit. In the
causal-CIC, however, the cognitive user has to relay explicitly.
Specifically in this paper, we apply partial decode-forward
relaying [4], in which the cognitive user first decodes the
primary user’s message causally, then transmits the decoded
message and its own message cognitively.

The CCIC can also be considered as a special case of the
interference channel with source cooperation (IC-SC) in which
both senders exchange information. Several coding schemes
have been proposed for the IC-SC by applying different ways
of rate splitting, block Markov encoding and/or Gelfand-
Pinsker binning [5]-[8]. These existing schemes may encom-
pass the Han-Kobayashi rate region or the partial decode-
forward (PDF) relaying rate, but none achieve both.

In this paper, we propose a new coding scheme for the CCIC
based on block Markov encoding, partial decode-forward
relaying, Gelfand-Pinsker binning and Han-Kobayashi coding
by splitting the first user’s message into 3 parts and the second
user’s into 2 parts. The proposed scheme achieves both the
Han-Kobayashi region and the PDF rate for the primary user.

Fig. 1. The full-duplex causal cognitive interference channel.

This scheme therefore brings a new way of coding and can be
combined with existing schemes for the IC-SC to improve
rates further. We then apply our scheme to the Gaussian
channel and show that introducing a correlation between the
state and the transmit signal can enlarge the rate region by
allowing both state nullifying and forwarding at the cognitive
user.

II. CCIC CHANNEL MODELS
A. Full-duplex DM-CCIC model

The full-duplex causal cognitive interference channel con-
sists of two input alphabets X7, X5, and three output alphabets
V1,YV2, Y. The channel is characterized by a channel transi-
tion probability p(y1,y2, y|x1, 22), where z1 and x5 are the
transmit signals of S; and So, 1, y2 and y are the received
signals of Dy, Dy and Ss. Figure 1 illustrates the channel
model, where W; and W, are the messages of S7 and Ss.

A (27F1, 2Bz p) code consists of the following:

« Two message sets Wy x Wy = [1,2"F1] x [1,2"72] with
uniform, independent messages Wi, Ws, respectively.

o Two encoders: one maps message w; into codeword
2P (wy) € X', and one maps wo and each received
sequence y*~! into a symbol wo (wa,y* 1) € Ab.

o Two decoders: one maps 7 into w; € W, ; one maps 5
into wy € Wh.

The definitions for the error probability, achievable rates and

capacity region follow the standard ones in [9].

B. Full-duplex Gaussian CCIC model
The standard full-duplex Gaussian causal cognitive interfer-
ence channel is shown in Figure 2 as
Y1 =X, +0Xs + 77,
Yo = aXy + Xo + 2y,
Y=cX1+ 7, (1)

where Z1, Zo, Z ~ N (0,1) are independent Gaussian noises,
and a, b and c are cross-channel gains. If the original channel



Fig. 2. Standard full-duplex Gaussian causal cognitive interference channel.

is not in this standard form, we can always transform it into
the standard form using a procedure similar to the interference
channel [10]. The transmit signals X; and X5 are subject to
power constraints P} and P», respectively.

III. PARTIAL DECODE-FORWARD BINNING SCHEME

A. Han-Kobayashi PDF-binning scheme

Figure 3 illustrates the idea of the full-duplex Han-
Kobayashi PDF-binning scheme. Message w is split into three
parts: wig, w11, w1, corresponding to the common (forward-
ing), public and private parts, and message ws is split into
two parts: wa1, wag, corresponding to the public and private
parts. Take the transmission in block 7 as an example. At
S1, the current common message wig; iS superimposed on
the previous commons message wig;—1); message wiy; is
encoded independently of both wyg;_1; and wip;; message
wiz; is then superimposed on all three messages wigi—1)s
wio; and wyg;. So decodes Wigi—1] of the previous block
and uses conditional binning to bin the codeword for its
private part wog[;) against wig[;—1), conditionally on knowing
the public part wo;. At the end of block 7, D; uses joint
decoding over two consecutive blocks to decode a unique
tuple (’11}10[,'_1],’[2)11[1‘_1],’(2112[1'_1]) for some ’(2)21[1'_1] without
requiring this message part to be correct. Dy treats the
codeword for wyg[;—1] as the state and searches for a unique
pair (’LUQM, ’LUQQ,;) for some W114-

Theorem 1. The convex hull of the following rate region is
achievable for the CCIC using HK-PDF-binning:

R1 S min{[2 +I5,16}
Ry < Iz
Ri+ R> < min{IQ +I7,Ig}+113
U Ri+ Ry < min{ly+ 13,14} + 114 ?)
5 Ry + Ry < min{ly + Iy, Lo} + I11
! 2R1 +R2 S min{[2 +13,[4}
+min{ly + Iy, 1o} + I13
R +2Ry, < min{IQ +I7,Ig}+111 + 114
where

P =p(tio)p(uio|tio)p(ui1)p(z1]tio, wio, u11)p(u21)  (3)

p(ugz|ugr, t10)p(2|tio, wet, u22)p(y1, Y2, y|z1, T2),

10[1 1]
W2l[i

11[: 1] le[z 1

—1] (for some)

WZli W22i
sz,- (for some)

1211 1;(for some)

Fig. 3. Coding structure for the full-duplex Han-Kobayashi PDF-binning
scheme at block i. (SP = superposition, Bin = binning)

and Is — Iy4 are defined as

Iy, = I(Uyo; Y|Tho)

I3 = I(X1; Y1|Tho, Uro, Ur1, Uar)

Iy = I(Uro, X1: Y1[Th0, Ur1, Uar) + I(Th0; Y1)
Is = (U1, X1; Y1[T1o, Uro, Ua1)

Is = I(U1o, Ui, X1; Y1|Tho, Uar) + I(Tho; Y1)
I7 = I(X1, Us; Y1[Tho, Uro, Ur1)

Iy = I(U1o, X1, Ua1; Y1|Tho, Ur1) + I(Tho; Y1)
Iy = I(Uy1, X1, Us1; Y1 |Tho, Uro)

Lo = I(T1o, Uro, Ur1, X1, Ua1; Y1)

Iy = I(Us2; Ya|Ua1, Urr) — I(Uszz; T1o|Uz1)
Ly = I(Usy, Uzo; Ya|Ur1) — I(Uaz; Tio|Us1)
Iz = I(Ur1, Uzz; Ya|Uaz1) — I(Uszz; T1o|Uz1)

Iia = I(Ur1,Uz1, Us2; Ya) — I(Uag; Tho|Usr). 4

Proof: Fix a joint probability distribution as in (3).

1) Codebook generation: For each block i:

o Independently generate 2"%10 sequences t7,(w},) ~
[T5z1 p(tior), wi € [1,2"700].

o For each t7,(w},), independently generate 2"%10 ge-
quences ufy(wiolwig) ~ Tlj—; p(wrokltion), wio €
[1,2"F0] wi, and wyo are the common (forwarding)
messages of the previous and current blocks, respectively.

o Independently generate 2711 sequences uf,(wy1) ~
[Ty p(uiin), wiy € [1,27F0],

o For each 7 (w}y), uly(wiolwiy) and uly(wiy),
independently generate oniftiz sequences

o (wiglwiy, wig, wig) ~ [Tizq p(z1kltion, uiok, u11k),
Wi € [I,Qanz].

o Independently generate 2721 sequences uly(wa;) ~
[Ti—i p(uzik), war € [1,27721]. ,

o For each u}, (wy;), independently generate 27(F22+F22)
sequences u22(w22,v22|w21) ~ Hk 1p(u22k~‘u21k)
Wao € [1 2”R22] and vq9 € [1 2”R22]

e For each tlo(ww), u21(w21) and u22(w2271)22|w21),
generate one sequence x5 (wig, Wi, Waa, Vo2)  ~
[Tizq p(zakltion, uzi, uzai).

2) Encoding: Let (w1045 W11i, W12¢, W14, W224)
be the new messages to be sent in block 4, and
(wlo[ifl]awll[ifl]aw12[i71]7w21[i71]7w22[i71}) be the
messages sent in block ¢ — 1. At the beginning of block i:



o S) transmits @7 (wi2;|w11i, W10, Wio[i—1])-
e S5 searches for a v99; such that

(7o (wroi—11), udy (wa1s), uhs (Waas, Vaoi|wais))
€ Agn)(PTwUn\Um)' &)

So then transmits x?(wlo[i,l] , Wati, W24, ’0221').

3) Decoding: At the end of block :

o Sz knows wig[;—1] and declares message wip; Was sent
if it is the unique message such that

(7 (wiofi—1))s ulo (W10i[wioi—1))s ¥™ (i) € A (Pryyu0v)-

o D knows wig[;_g and searches for a unique tuple
(W10[i—1], W11[i—1], W12[i—1)) for some by ;1) such that

(70 (wrofi—2)), uTo (Wrofi—17[wiofi—2]), w11 (W11i-11),
oY (W12 1| W11i—1), Wiofi—1]> Wioli—2))s

ugy (Wa1}5-11),y1 (i — 1)) € AP (Pry o0 XU v2 )
and (] (10p—1)), y7 () € A™) (Prygy,).- (6)

e Dy treats Tlno(w’m[i_l]) as the state and searches for a
unique (wa14, Wagz;) for some (w114, V22;) such that

(uty (W114), ugy (W214), uns (Wa2i, V22i|214), Y3 (7))
€ Agn) (PU11U21U22Y2)' (7)

Applying standard error analysis and Fourier Motzkin elimi-
nation, we obtain rate region (2). For details see [11]. [ |

Remark 1. Even though at S> we use standard Gelfand-Pinsker
binning technique, but depending on the joint distribution
between the binning auxiliary random variable (Us2) and the
state (119), S2 can also forward a part of the state (i.e. message
wf, of the previous block) to Dj.

Remark 2. In the binning step (5) at S, we use conditional
binning instead of unconditional binning. The binning is only
between the codeword for Han-Kobayashi private message part
Usz(waz2) and the state Tho(w),), conditionally on knowing
the Han-Kobayashi public messsage part ws1. This conditional
binning is possible since ws; is decoded at both destinations.

Remark 3. In the decoding step (7) at Do, we use joint de-
coding of both the Gelfand-Pinsker auxiliary random variable
(ug2) and the Han-Kobayashi public message parts (wq; and
wo1), instead of decoding Gelfand-Pinsker and Han-Kobayashi
codewords separately. This joint decoding is possible since the
codewords for wq; and wo, (i.e. Uy and U3}) are independent
of the state in Gelfand-Pinsker coding (i.e. 7). Joint decoding
at both Dy (6) and D> (7) help achieve the largest rate region
for this coding structure.

Remark 4. Inclusion of Han-Kobayashi rate region and the
maximum rate for each user
o The HK-PDF-binning scheme becomes the Han-
Kobayashi scheme if Tyg = Ujg = () and X5 = Uss.
e 57 achieves the partial decode-forward relaying rate if
we set Ujp = Uy = Ugg = @, and X, = TYg.
RI™ = max
p(ui0,z2)p(z1|u10,z2)

{I(U10; Y| X2) + I(X1;Y1|Uro, X2), I(X1, X2; Y1)}

min (8)

Here, there is no binning but only forwarding at Ss.
o S5 achieves the maximum rate as in Gelfand-Pinsker
coding if we set Uy = Upy = ), Tig = Uyg = X1.

Rénax _ {]<U22;Y2) —[(U22;X1)} (9)

max
p(w1,u22)
p(z2|T1,u22)

In this case, there is no forwarding of the state at Ss.

B. Comparison with existing schemes for the IC-SC

The interference channel with source cooperation (IC-SC)
is a 4-node channel in which both S; and S; can receive
signal from each other and use that cooperatively in sending
messages to Dy and Ds. This channel therefore includes the
CCIC as a special case (when S5 sends no information to Sy).

1) Host-Madsen’s scheme [5]: This scheme for Gaussian
IC-SC is based on dirty paper coding and block Markov en-
coding; it includes the rate for decode-forward relaying but not
the Han-Kobayashi region. However, since both senders must
decode the cooperative message from the other sender in order
to apply dirty paper coding, the scheme cannot be applied to
the CCIC which has only uni-directional cooperation.

2) Prabhakaran-Viswanath’s scheme [6]: This scheme is
based on 4-part rate splitting and block Markov superposition
coding. It may not contain the Han-Kobayashi region or the
PDF rate, depending on channel parameters. The ideas in this
scheme, however, can be combined with our scheme to further
improve the rate region.

3) Cao-Chen’s scheme [7]: This scheme is quite close to
our proposed scheme. It is also based on 3-part message
splitting, block Markov encoding, Gelfand-Pinkser binning
and random binning, and achieves the Han-Kobayashi region.
But this scheme cannot achieve the decode-forward relaying
rate because of no block Markovity between the current
and the previous cooperative messages, hence no coherent
transmission between source and relay.

4) Yang-Tuninetti’s scheme [8]: This scheme combines
ideas in previous schemes by doing 4-part message splitting,
block Markov superposition coding, Marton double binning
and Gelfand-Pinsker binning. It achieves the Han-Kobayashi
region but not the partial decode-forward relaying rate as in
(8). In this scheme, destination 2 decodes the cooperative-
common part of user 1, thus limits rate R; to be below the
decode-forward relaying rate. In our proposed scheme, the
forwarding part of user 1 is not decoded at destination 2. (In
[8], it is claimed to achieve the partial decode-forward relaying
rate but only by setting Y7 = Y5, which is not necessary in
our scheme for the CCIC.)

Furthermore, in both [7] and [8], joint decoding of both
the state and the binning auxiliary variables is used at the
destinations, but this joint decoding is invalid as it results in
a rate region larger than is possible. In our proposed scheme,
all message parts that are jointly decoded with the binning
auxiliary variable are encoded independently of the state.

Hence none of the existing schemes for the IC-SC include
both the HK rate region and the decode-forward relaying
rate as our proposed scheme (see Remark 4). More detailed
analysis can be found in [11].



IV. GAUSSIAN CCIC RATE REGIONS
A. Signaling and rates for Han-Kobayashi PDF-binning

In the Gaussian channel, input signals for the HK-PDF-
binning scheme in Section III-A can be represented as

To = aS1g(wyp), (10)
Uio = aS1g(wip) + BS10(wio),

U = ’7511(1011),

X1 = aSiy(wig) + BS10(wio) + ¥S11(wi1) + 6S12(wr2),

Ugi = 9521(1021
Xy = 051 (w21

)

)
)+ 1 (pSto(wlo) + VT = 72822 )

Usp = Xo + )‘Sio = (up+ )‘)Sio + 0521 (wa1) + /1 — p?Saa,

where S}, S10, S11, S12, So1, S22 are independent N (0, 1)
random variables to encode w},, wig, w1, W12, Way, Waz,
respectively. Uss is the auxiliary random variable for binning
that encodes wso. X7 and X are the transmit signals of S7 and
So. The parameters «a, 3, v, §, € and p are power allocation
factors satisfying power constraints

042+62+’72+52§P1

0%+ p? < P, (11)

An important feature of the signaling design in (10) is p
(=1 < p < 1), the correlation factor between the transmit
signal (X3) and the state (S},) at Sa. In traditional dirty paper
coding, the transmit signal and the state are independent. Here,
we introduce correlation between them, which includes dirty
paper coding as a special case when p = 0. This correlation
allows both signal forwarding and traditional binning at the
same time. A is the partial decode-forward binning parameter
which will be optimized later.

Corollary 1. The achievable rate region for the full-
duplex Gaussian-CCIC using the Han-Kobayashi PDF-
binning scheme is the convex hull of all rate pairs (R, R2)
satisfying (2) with

62,82 52
L=C|—="" ). I,= %
’ C<C272+0252+1>’ ’ C<b2u2(1—p2)+1>

B2+52
i C<b2u2(1—p2)+1>
+C< (a +bpup)? )
62+’72+52+b292+b2ﬂ2(1—02)+1
L:C(f+&z>
° b2u?(1—p?) +1
B2 +° + 6?
o :C<bzu (1—p2)+1>
+C< (a+bup)? >
B2 +72 + 62+ 0202 + 022 (1 - p?) + 1
17_C< 52 + b29? >
b2 u*(l—p?) +1

A2 452 4 b262 12(1 - p?) )

b2,u2(1—p2)+1>; 111:C(a252+a252+1

a=0.5, b=0.7, c=2, P1=1.4, P2=2

o1y 2= HK-PDF-Binning (-1< p < 1)
- 8- DPC-Binning (p=0)

L L
0 0.2 04 0.6 1 12 14

08
R1 (bps/Hz)

Fig. 4. Effect of the binning correlation factor p.

(,82+52+b292 )
Iy =
+1
(a +bpup)®
+C( B2+ 92+ 02 + 0202 +02p? (1 — p?) + 1
a+bup +,B2+7 + 6% + b26?
IlO :C
p?) +1
Lz =C (aQB2 + a252 + 1)
92
+C
(ace + pp)? a262 a??+p2(1—p2) +1
hs =0 (a2ﬁ2 + a252 + 1)
a2y
+C(aa+up +a262+a252+u( 2)+1>
Iy =C (aQBQ - a252 " 1) (12)
2+02
(ac + pp)? + a252 +a?0% + p*(1 - p?) +1

with C(x) = %log(l +x), o B, v 6, 0 and p satisfy the
power constraints (11) and —1 < p < 1.

Proof: Applying Theorem 1 with the signaling in (10),
we obtain the rate region in Corollary 1. [ ]

Remark 5. Maximum rates for each sender

e Setting 6 = 0, p = +1, p = py/P», we obtain the
maximum R; as in partial decode-forward relaying:

max min {C (
a®+6%++7 <Py
2
C ((a + b\/P2) + 8%+ 72) )

e Setting p=0,8=7=6§=0,0=0and p = +/Ps, we
obtain the maximum R, as in dirty paper coding:

Ry™ = C(Py).

62,82

Rmax — —
! 2?2 +1

) e

13)

(14)

This is also the interference-free rate for user 2.
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Fig. 5. Rate regions for full-duplex schemes in weak interference.

B. Optimal binning parameter for HK-PDF-binning
Corollary 2. The optimal \* for the HK-PDF-binning is
aap(1 — p?) — ppla?B? + 0?6 + 1)
a?B? + a202 + pi2(1 — p?) + 1
Proof: \* is obtained by maximizing [;; in (2). The
detailed proof is omitted and can be seen in [11]. [ |
Remark 6. Effect of p:

e If p =0, \* becomes the optimal A\ for traditional dirty
paper coding [12], which achieves R5'®* as in (14).

o If p = 41, \* differs from the X in traditional dirty paper
coding and achieves R{*** as in (13).

o The effect of p is shown in Figure 4. The dashed line
represents the rate region for DPC-binning (p = 0), while
the solid line represents the region for HK-PDF-binning
when we adapt p € [—1,1]. Figure 4 illustrates that the
correlation factor p can enlarge the rate region.

A= 15)

C. Numerical examples

In this section, we provide numerical comparison among
the proposed HK-PDF-binning scheme, the original Han-
Kobayashi scheme, and an outer bound combining the capacity
for the (non-causal) CIC [13], [14] and the outer bound for
the IC with user cooperation (IC-UC) [15]. Figure 5 shows
an example for weak interference and Figure 6 for strong
interference. We can see that the proposed HK-PDF-binning
scheme contains the Han-Kobayashi region, partial decode-
forward relaying rate for user 1 as in (13) and interference-free
rate for user 2 as in (14). The outer bound is the intersection
of the two bounds drawn and is loose as this bound is not
achievable. However, we observe that as b decreases, the HK-
PDF-binning rate region becomes closer to the outer bound.

V. CONCLUSION

In this paper, we have proposed a new coding scheme for
the full-duplex causal cognitive interference channel based
on partial decode-forward relaying, Gelfand-Pinsker binning
and Han-Kobayashi coding. For the Gaussian channel, we
introduce a correlation between the transmit signal and the
state, which enlarges the rate region by allowing both state
nullifying and forwarding. We also derive the optimal binning

a=1.2, b=1.4, c=2, P1=1.4, P2=2
=AT

T A

b’

R2 (bps/Hz)
B

02l{ - #-HK
-6~ HK-PDF-Bin
1f-8-RC Cutset n CIC cap.

-A-|C-UC outer bound [15]

°

k

o
o

5
R1 (bps/Hz)

Fig. 6. Rate regions for full-duplex schemes in strong interference.

parameter for the coding scheme. Results show that the Han-
Kobayashi PDF-binning scheme for the CCIC contains both
the Han-Kobayashi region and partial decode-forward relaying
rate. Thus cognitive communication is also beneficial even in
causal setting.
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